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Asymptotic behavior of solution to Boussinesq equations Vanishing viscosity limit

4.2 Vanishing Dissipative Limit

i. Full space R?
ii. Domain with boundary

Theory on Well-posedness of Boussinesq equations



Asymptotic behavior of solution to Boussinesq equations Vanishing viscosity limit

The 2D Boussineq system with full dissipation is as follows:

v+ @-V)o=-Vp+vAv+0er, (x,t) € R*XR,,
0 + (v- V)0 = kAO

B9,
divo =0

v(xl 0) = U()(X), Q(XI 0) = QO(X)'
Boussinesq system with the zero viscosity is as follows:

v+ @-V)o=-Vp+0e, (x,t)€ R? x R,
0:+ (v- V)0 = kAO

divo =0

v(x,0) = vo(x), 6(x,0) = Op(x)

(B2)
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Vanishing viscosity limit

Asymptotic behavior of solution to Boussinesq equations

Let (v, p, 6) and (3, p, 0) be solutions of (By) and (B), respectively
with the same initial conditions (v, 6p). Similar to the global
well-posedness of partial dissipation case, we can get the key
v-independent estimate for the solutions (3, 6) is

IVBllLs + [IVOlle + 1Bllyzs + 161ly2s )
<C(llvollwzr , 1B0llw2r , x, T, p) .-
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From (B) — (B) we obtainfor@ =0-0,P=p-p,V=0v-17
O+ (- V) + (V- V)0 = kA®. (2)
with divV =0, and
Vi+(@-VYV+(V-V)o=-VP+ B¢, + vAV + vAD. (3)
Taking L? inner product (2) with ©, after integration by part we
have 14

2 2 _ WA
5 IOIE +xIvelE, = [ (v-v)deds

< IVl [Vl 21,2
< CIVIZ, + Cll@lR,

where C = C (v, 6y, T, ), and we have used estimate (1).
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Hence, i
SO, < ClIOIF; + CIVIE,. (4)

Take L? inner product (3) with V, we obtain:

2
VI, + IVVIE,

—f(V-V)z?-de+f @ez-de—vf Vo - VVidx
RR? RR? R2
<IVallL=[IVIE, + 11Ol VIl + VIIVZ"JIILzIIVVIILz

v
<C(IVIE, + 101 + SIVVIE, + SIVal,,

where C = C (v, 09, T, k), and used estimate (1) again. Then
we obtain that

d V.
ZIVIE, < CIVIE, +1IBIF.) + S IVallF.. (5)
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Adding (5) to (4), and setting X(t) = ||®(t)|| +|[V@)|)?

2 W
obtain that

d 2
= X(0) < CX(1) + CrIVall,.

By Gronwall’s lemma we find that
t
X(t) < X(0)e* + Cv f IVo(s)|[2,e¢ds

< CetTy f IVa(t)|I7,dt <

where we used (1) and the fact that X(0) =
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Hence, we obtain

sup (lo(t) = 2(®)ll2 + 16(1) - B®)l12) < C Vb,

0<t<T

where C = C (vg, 6y, T, ). Then we have, for0 < s <m

sup |[o(t) = (D)l < C sup [[o(t) — DO, llo() — o(E)Il}0

0<t<T 0<t<T
~ 1— ~
< Cllvollg + 1ollg)" 7 sup [fo(t) = dAII7,
0<t<T
<Cvn,

where 0 =1 -2 and C = C(vg, 6o, T, x,s,m), and similarly for
16 — 0|1, we obtain the desired convergence (,0) — (v, 6) in
c([o, T; H* ((1R2)) asv — 0.
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Introduction—Boussinesq system

2-D Boussinesq system:

"™ +u" - Vu"* + VpU* = vAu"* + 0"e;, t>0, (x,y) €Q,
0" + U - VO = kAOVE,

Vou =0

(1", 0")i=0 = (uo, O0).

o u* = (u"(t; x,y), uy " (t; x,y)) is velocity.
e 0 = 0V (t;x,y) is temperature.
o p"* = p"X(t;x,y) is pressure.
- Q c R? has smooth boundary.
v > 0 is fluid viscosity.
x > 0 is thermal diffusivity.
6" e, represents the buoyancy force, e; = (0, 1).
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Introduction—Boussinesq system

Two types of boundary conditions:
@ Dirichlet boundary conditions

{ 1 K |aQ — 0 (7)
0" o = 0(t; x,y).

@ Navier-slip and Neumann boundary conditions

V,K

U nlgo =0, (DWW n+au” ) 1|30 =0,

20V¥ (8)
Em loao = 0.

,u +z9u

: DZ](MVK) - 2

- n is the unit normal vector at Q.
- T is the tangent unit vector at 0Q.
- a is the scalar friction function.
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Introduction—non-dissipative Boussinesq system

The limit case v = k¥ = 0:

(9,}1/{0 + MO . VMO + VPO = 6062/ t> O/ (.X, y) € Q/
2,00 +u-ve® =0,

9
V-ul =0, ®)
(1°, 0%l = (1o, 60),
with boundary conditions
1% -nlyn = 0. (10)

Question: In what scene (1", 6") — (u°, 0°)?
Difficulty: Boundary layer always occurs.
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Results of vanishing viscosity/diffusivity limit

@ Jiang-Zhang-Zhao, ( J. Differ. Equ., 2011).
(6) (7) withv >0, x« - 0in Q = R2.

@ Fan-Xu-Wang-Wang, (Appl. Anal., 2020)
(6) (7) with v > 0, x — 0 in a 3D channel.

@ Wang-Xie, (Proc. Roy. Soc. Edinburgh Sect., 2015).
(6) (8) with ¥ = hv — 0 in bounded domain Q.

@ Gie-Whitehead, (J. Math. Fluid Mech., 2019).
(6) (8) with k — 0 or v — 0 in a 3D channel domain.
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Introduction—boundary layer theory

Prandtl’s theory in 1904
@ The asymptotic limit of the fluid flow as viscosity tends to
zero, Q ={(x,y);0 <x < X,0 <y < +oo}.
dt” +u’ - Vu" +Vp' =vAu", t>0,(x,y) €,
V-u' =0,
uvly:O = 0/
u"li=o = up.

dmw+u-Vu+Vp=0, t>0,(x,y)€Q,
V-u=0,
(Euler)
u- n|}/:0 = 0/
uli=0 = uo.

Whether

u —u, asv-—o0?
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Introduction—boundary layer theory

@ Convergence of solutions of (NS) to solutions of (Euler)
and Prandtl’s equations.

u’ ~u+ug.

Inviscid (Euler)
_—

———/ Boundary Layer

NI
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Results of vanishing viscosity limit

Validity of

[ — ullp~,T;12)) — 0, asv — 0. (11)

@ Kato, (Math. Sci. Res. Inst. Publ., 1984).
v [ IV Rdxdt, or v ) [ Vit Pdxdt — 0 & (11).

@ Temam-Wang, (Ann. Sc. Norm. Sup. Pisa Cl. Sci., 1997).
Q is a channel, |[p"|l.2o,r;m1200) bounded,
or V%“axuﬂlLZ(O,T;LZ(Qv)) < Vl_é, % <o6<l1,= (11)

@ Constantin-Kukavica-Vicol, (Proc. Amer. Math. Soc., 2015).
Q=R2, ulyre 2 0 and wlyge = (d1u}y — dauy)lyrz = 0 = (11).

@ Masmoudi, (Arch. Ration. Mech. Anal., 1998).
Q =1R3, vAis replaced by Ay, +vdZ. v,n, t — 0= (11).
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Other results of vanishing viscosity limit

For Navier slip boundary condition:
@ [ftimie-Sueur, (Arch. Ration. Mech. Anal., 2011).
@ Gie-Kelliher, ( J. Differ. Equ., 2012).
@ Tao-Wang-Zhang, (SAIM J. Math. Anal., 2020).

For anisotropic NS equations:
@ Wang-Wang-Xin, (Commun Math. Sci., 2010).

1 .
€20%uf + eaﬁue, Buy — el —Iy -0 =0, u§|y=0 = 0, with € — 0.

@ Liu-Wang, (Z. Angew. Math. Phs., 2013).
V(92 + 0% )u +€d% u, withv >0, e — 0.
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Introduction—Anisotropic Boussinesq equations,

Dirichlet boundary conditions

Consider

i +u - Vu® + Vp© = €101 + €20y u° + 0%, t >0, (x,y) € ]R%r
910 +u - VO = €30,,0° + €49,,0°,

V-u¢=0,

”ely:() =0, 6€|y:0 = a(t; x),

(U, 6°)li=0 = (uo, 6o),

(12)
wheree; —» 0,i=1,--- ,4.

@ A natural problem: (u€, 6¢) — (u°, 8°),as e; — 0?
e Difficulties arise: (u€, 6)|y=o # (u°, 6°)ly=o.

o = [|(us, 6°) = (u®, °)llp r2)-

e Boundary layer exists!
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Our aim

e When €; goes to 0 with different speed, how does ¢; affect the
vanishing dissipation limit?

ei=€Y, A;>0,i=1,-- 4.

e Establishing [|(u°, 6°) — (u°, 0°)ll,« (o 1.120r2)) = 0, @ € = 0.

e Calculating the convergence rate.
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Global well-posedness result

Theorem 1

Assume uy € H*(R2), 0 € H'(R%) N WY>(IR2), a € L*(0, +o0; H3(R)),
a; € L°(0, +00; H'(R)), and (uo, 0o) satisfies the corresponding
compatibility conditions. Then for €1, €,€3,€4 > 0, (12) admits a
unique global strong solution (u€, 6°), such that for any given T > 0,

u¢ € L¥(0, T; Hy(R3) N H*(R3)),

0¢ € L=(0, T; H(R%)) N L*(0, T; H*(IR2)).

@ Jiang-Zhang-Zhao, JDE, (2011).
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Local well-posedness result

Theorem 2 (Peixin Wang,X., IUMJ, 2021)

Assume (u, o) € H*(R%), with s > 2, integer. Then (9) (10) have a
unique solution (u°, 6°) locally in time. That is, there exists T1 > 0
such that
u® € L=(0, Ty; H*(R?)),
0° € L™(0, T1; H¥(IR?)).
Moreover,
”uOHL“’(O,TﬁHS(]Ri)) S C(”O/ 60)/

||90||Lw(o,T1;H5(1R$)) < C(ug, Oo).
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Vanishing dissipation result

Theorem 3 (Peixin Wang, X., IUMJ, 2021)

Assume (ug, 0o) € H*(IR?) satisfies the corresponding compatibility
conditions, with s > 2, integer. (u€, 6°) is the solution of (12), and

(MO, 90) is the solution of (9) (10) Let A < min{)\z, A4}, A <4A; — Ay
Then, there exists a € (Y324, 1,), such that

I, 6°) — (u°, 90)||Lw(o,T1;L2(]R3)) < C(T1,ug, B, a)d,
where the constant C is independent of e, ¢; (i=1,--- ,4), and

§ = ehminly, da-a, Aa, (ML) Qa=ipy),
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Compatibility conditions

Since (1€, 0)i=0 = (u°, 6°)|1=0 = (10, B9), (0, Bp) should satisfy,
Ve, €3,€4 > 0,

uoly=0 =0, V-ug=0,

€20yytioly=0 — Vpgly=0 = —a(0; x)ez,
Ooly=0 = a(0; x),

dra(t; x)li=0 = €39xxOoly=0 + €49y Ooly=0,

where pg solves the Neumann boundary problem

{Apg =V (6092 —Uop- VuO)/ (x/ y) € R%—/
Vpg : nly:() = 628Wu2,0|y:0 + EI(O; x).
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Compatibility conditions

Inserting pj, into (13)2,

ugly=0 =0, V-up =0,

8yyu1,0|y=0 = (]-IayyuZ,Oly:Or

2f o I'(w — x,z)V - (ug - Vg — Opez)(w, z)dwdz + Ha(0; x) = 0,
IRY

Oolyrz = a(0;x),

axxeoly:O = ayy60|y20 =0,
0xxa(0;x) = 0.

- H is the Hilbert operator.
- I'(x, y) is the fundamental solution of Laplace’s equation.
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The sketch of proof:

We show a lemma of Gronwall’s type.

Lemma 1 (Masmoudi, ARMA, 1998)

Let§ > 0, and f,g,1 be nonnegative functions in L'(0, T)
satisfying

T
f f(hdt <M,
0

T T
f g(t)dt < Mo, f I(tydt < Mo>.
0 0
If a nonnegative function F satisfies

91(F?) < f(H)F? + g(H)F + 1(t), F(0) < M5,

then |F(t)] < C(M)o, for all t > 0.
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The sketch of proof: boundary layer correctors

Let p € C*([0, )), p(0) =1, fol p(s)ds = 0, suppp C [0, 1].
a, B,y > 0 will be determined.

@ Match u€ — u° on the boundary.

Define the boundary corrector by stream function g&*:

Ot x,y) = (9,8 ( x, y) o'?xg”(t X, 1))

= (—uO(t X, O)p ”1x(t X, 0)f = ),
(B x,y) = —u(l)(t;x,O)f pl— ds.
0 e(!

¢ satisfies
V- o“(tx,y) =0,
o (tx,y) =0, y>e,
¢ (t;x,0) = (—u(l)(t; x,0),0) = —u°(t; x, 0).
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The sketch of proof: boundary layer correctors

¢“* has some vanishing norms.

95 Wllz < Cle®)?,
95 Wz < C(e)?,
lpS“Wlly < Ce®,
Y9y @S Wllz < C(e)?,
20y b5 W)l < Ce?,
19,67 W)llz < C(e?) 2.
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The sketch of proof: boundary layer correctors

@ Search a zero boundary condition for 6¢:
e ¥
(6° ~ a(t; )p(Z)ly=0 = 0.
@ Match 6° - ap(%) — 0° at the boundary: Define corrector
YA, ) = ~6°;%,00p ().
€
The boundary corrector y<# satisfies
PP y) =0, y>éf,
YR (t; x,0) = —0°(t; x, 0).
1Pl < Cef)2,
lydy Pz < CeP)?,
29,0l < CeF,
19,1l < C(ef) 2.
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The sketch of proof: energy estimates

Set v = u —u® — ¢, w® = 6° —a(t; x)p(F) — 6° — F, and ¢° = p* - p°.

0% + 9 + 0% - Vo© +u” - V£ + 0 - Vo + 1’ - Voo
+ QT VP + 0% Vi + 99 - VO + PO - Vi + Ve

=610 0 + €101° + €105 )" + €20,,0° + 628Wu0 + €20,

+ we;p + (t/)s'ﬁ + ap(e%))ez,

I + P + v - Vu© + v - VY + 1 - Vo +ul - VP
+ ¢Vt +0° - VO + ¢ - VOO + ¢ - Viph

=€30, W + €30,0° + 638”1;16"3 + €40 w° + 648W90 + €40, P
+ €0lap(5)) + €xdy ap(5) + o - Viap()

— - Viap(5) - 6% - Viap(5) ~ <y>,

Pler
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The sketch of proof: energy estimates

V-1 =0,
v°(£;x,0) =0,
we(t;x,0) =0,
v (0;x,y) = = (0; x, 1),
W (0;%,y) = —a(O;x)p(%) — Y0, x, ).

Taking the L? norm of v, we have that
1d
24t

_ f&td)e,a LU= fve . V(PE’H Lof = fuo . V¢€’a Cof — f¢e,a . V(pe,a N
- fve VU o€ — f(pe'“ Vil o + 6 f&xxuo 0+ € f&xx¢€'“

+ € BWuO vt ey | Dyt vt + | W + (WP + ap( ))v2

2 2
— I, + €1lloxvtI7, + ealldyoflI?,
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The sketch of proof: energy estimates

€,a e
1951

'_ fve . V(Pe’a ol <

The first one is easy,

[

Integrating the second one by parts, we find that

‘fv‘i& 7S ‘f& vl(ps’“ 1’ 'fvl¢) 0405

<15 e (19501 lli2 15112 + Nl lli2110x05lr2)

< Ce e 102119202

‘f e,a e 'f ay(Pe,w -o¢l.

2
< 517102 S e < Cllue g l10°117

C
2 2 02 2
< meloxo°|I, + a“” I €172
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The sketch of proof: energy estimates

We do a little bit of tricks for the last one,

€ (e, € €a, €
'fz’zaﬁ/(%) v ‘f yP2 Ur

€
< 2 2(9 €,a _1 po) €,a €112
—”y”LZ”y o ||L°°||y||L2+” o |TB (24|

y(pé‘(l €

0 0 2
< Clidy vzl 10y v Iz + Cllullrl105]17

2
< CeM190° 2 1l 19y 0 Iz + Cllu s 1o°)17
€1 Ce?||ulI7..
2 2
< ollexvilz: + ————110,0°I1, + Cllutlle1o°17,
€1
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The sketch of proof: energy estimates

Taking the L? norm of w®, we obtain that

1d 2 2 2
5 7N + eslldxwil, + ealldywllr,

:_faﬂpffﬁwf—fvf-veowe—fzf~wfﬁw€—fu0-w€'ﬁwe
_fqbe,a.vgowe_f¢e,a'vwe,ﬁwe+€3faxx90we
+ €3 f 8xx¢€'ﬁw€+€4 f (QWGOwE + €4 f Byylpe’ﬁwe
+e3 | dnla (l))w€+e d,,(a (l))we— v - V(a (1))w€
3 (ap(= 4 Pty Pley
- [u-vaow - [ 67 vap - [aper
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The sketch of proof: energy estimates

—fve-VM'ﬁwe
=-— f vi&xwe'ﬁwe— f v;(?ygbe'ﬁwe

€ € € Uz 2 €
<l 1959l l2 + ||?||L2|Iy Ay
2
<ClS 2 M10° s 1wz + 119y 05 12 lly>y Yl (1902
0 0
<CINE° g 0|2 10 |2 + CllA v 112116l €P 119y |2
Ce?10°I17

0 €1 2 o 2
<ClO° Nes o2 el + 1_0||‘9xve||Lz + T”aywe”Lz

we
=l —1I12
Y
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The sketch of proof: energy estimates

Taking all the bounds together, we have

d 2 2 2 2 2 2
S (I + 10el) + ealldxofll, + e2lldy oy, + eslldxwris: + ealldywrll
CeZ(r”uO”2 GZ/EHQOHZ + E.Z;/
Y = 0 2 L 2
<2me0x0°|I7, + — 9l +C o ll9ywelz
1

+ C(ez€” + €4€77)
+C(e1 +€1€* + €2 + eze‘“)lluollﬁs +C(es + e3ef + e + €4)||90||%15

a B 4 B 4
+C(e? +e2 +e7 + €2 + e ) (Il + 116°11F + DIl + l1o%]l.2)

1
012 2 2
+ Cl s +116°ll1ss + allu Il + DAL + llwellL)-

Assume
(M +A)2<a, (M+A)/2<y, (Ai+Ag)/2<B,

and choose n; small, then the red in the right hand can be absorbed
by the left.
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The sketch of proof: energy estimates

It remains that

d 2 2 2 2 2 2
E(IIUGIILZ + [[wfll7,) + 1ot + ealldy oIy, + eslldws|lr, + ealldywf]l7,
<Cle1 + €267 + €3 + €46 P + e4e7)

a B Y B 4
+C(e? +e2 +e2 +e2 + e 2)(I0fllz + i) + CAEIIT + 11f],)-

Applying Gronwall's lemma and and the estimates of ¢“* and y#, we
get the convergence. That is

1u(t) = u(®llLw0,1,,22) < CM)S,

and 5
16°(t) — O()llL~(0,1,;12) < C(M)0,
where

5 - 6% min{Ay, A2—a, Az, As=B, Aa=y, B, v, 2a—P, 2a—y}
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The sketch of proof: the convergence rate

Take P
1+ /44
=y =50,
AM+A ~ Ag+A A +A
B max{( 142- 2)+,0(}, 42 1 < 1;- z’
d, /\41—/\1 > /\1;/\2’
where

M A+
oc—(3+ G )"

The exact convergence rate is

. Ag=Ap = Ag+Ay
5 = ehminldi, Aama, Ay, (BFL), a5}
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Introduction—anisotropic Boussinesq equations,

Navier-slip and Neumann boundary conditions

Consider

AU +u€ - Vi€ + Vp© = €101 + €201 + 0%, t > 0, (x,y) € R:
910° + 1€ - VO = €30:,0° + €49,,0°,

V-ut =0,

(D)n +au)-tly=0 =0, u°-nly=0=0,

g |y:0 =0,

(€, 0)i=0 = (uo, Oo),

wheree; = €%, A;>0,i=1,---,4,and e — 0.
@ How does ¢; affect the vanishing dissipation limit?
e Establishing [|(u, 0°) — (u°, 0%l (0 1.12) — 0, @s € — 0.
@ Calculating the convergence rate.
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Vanishing dissipation result

Theorem 4 (Qian Li, Peixin Wang, 2022)

Assume (ug, 0p) € H*(IR?) satisfies the corresponding
compatibility conditions, with s > 3, integer. Let (u€, 6°) be the
solution of (14), (u°, 8°) be the solution of (9) (10) and

y < A2/2, then

”(ue/ Qe) - (uol GO)HLD"(O,T*;LZ(]R%)) = C(T*I Uo, 901 a)él

where the positive constant C is independent of €, €;
(i=1,---,4), and the convergence rate 6 is

. 3A 3A
5 = eminfdn, -, s, 3}
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The sketch of proof: boundary layer correctors

Let p e CY(R,), p0) = 1, [ p(s)ds = [, [ p(s)dsd = 0.
a, B > 0 will be determined.

@ Boundary layer corrector ¢ = (7", ) for velocity,
0 0 Y
(j)i'“(t;x,y) = —[Za(t;x)ul(t;x, O)+8yu1(t;x,0)]f pl=

¢ (tx,y) == 0y [Za(t x)uo(t x,0) + 0 uo(t X, 0)]f f % dsdr.

¢ satisfies

V. ¢ =0,
qbs,a : nlyZO = 0/
[D@® + ¢ + a(u® + ¢=)] - Tly=o = 0.
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The sketch of proof: boundary layer correctors

”(Pi'a”L;(]RQ < C€3a/2/ ||(P§'a”L]2/(]R+) < C€5a/2/
€, €,
lpT N,y < Ce, . 5 e w,) < Ce*,
€,0 €,a
ll2y 3 ||L§(]R+) < Ce??, ll2y 3 lyw,) <C,

2y b5 iz, < CE2, lydyd g,y < Ce?.
@ Boundary layer corrector for temperature

Y
PeR(t;x, ) 1= —9,6°(t;x, 0) f ﬁ(i)ds.
0 ef
yef satisfies
) (Mﬁ + 60)

on =0

y=0
||¢e’ﬁ||L§,(]R+) < Ce¥?,
||8y1/}€"8”L§(]R+) < Cef,
||¢e’ﬁ||L;v(1R+) < CeP.
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The sketch of proof: energy estimates

Let € = uf — MO _(Pe,a, wt = 0° — 90 _ ll)s’ﬁ, qe — pe _pO_

940" + 9 + 1 - V(0 + %) + (0 + P7) - V(@ +u’ + %) + Vg

= €10(v° + ud + O) + €20 (v° + u + oY) + (1,[16"S + w)ey,

s + P + (v + ) - V(0" + ¢ + wf) + u’ - V(Y + wf)

= €30 (0° + PP + w®) + €29, (6° + PP + ),

V.v® =0,
UE ' n|y:0 = OI [D(ve)n + ave]tan |_1/:0 = 0/

ows
s ly=0 =0,

lizo = =0liz0, W0 = —VP|icp.
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The sketch of proof: energy estimates

For L? energy estimates of ¢ and w*, it follows that

2 2 0 =
Zdt”v || + €1||8,(z;€||L2 + €2||3yv€I|Lz =y ezf ayyff)m o+
R}

€ f Ay - v°
2

R%
<lez | 9y~ - Iyv°

€2f& (Pea' €|1/ de

€ f —(Zau(1)+8yu(1])ly:ovily:0dx
R

0 0
<Cere™?|ullppll0y ¥z + eall(2au) + Ayu)ly=ollpzl1vSly=oll;2

<elldyp™*

|21l oI +

02
[ 8

€2 2 0 1/2 1/2
<5 19,0712 + Ceae Il + eallu’lellogl Pl

€2 2 3/2 2 2
<7 10,01 + Cere I + Ce NI + oI,
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The sketch of proof: energy estimates

1d .
5 I + el IR, + eulldyerI, = -+ e fR O+

2 2
€4 f Ay P
IR}
<les f 8y1/1€'58yw6 €4 f 8y1/}€’ﬁw€|y=0dx
R
<edl a0 lis + fer [ 2,601 -0l o
R

2
<e4€?/2(|0°||g2110y " |12 + €119y O y=oll 210l y=oll 2
2 0 0 1/2 1/2
<e4e”2(16° 1 dywe I + ll Nl |1} 2219 w4

3/211n0
+Ce) (1012, + It

SEH%WGIILZ + Cesel|6°I17,
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The sketch of proof: energy estimates

LR + R O1E)

2 2 2 2
+ 6‘1“&xU€”Lz + €2||&yve”Lz + €3||8xw€||L2 + €4||ayw€”Lz
€4
<C(1+e* +€f + o + e |12, + [wf],)
1

+C(e1 + €2 + €3 + €4 + 77 + EP)([0°] |2 + || 2)

+C(e1€6™ + 626" + ¢, 32 1 636 + €46 + e3/2)

Applying Gronwall’s lemma and and the estimates of ¢** and y#, we
get
It = 10l eo 112 + 16 = 6°llo(o 712 < C9,

6 =max {61 +6r+ €3+ €y, (ele + €€ + 63/ + e3> + el + 63/2)1/2}

emm{}\] M2, M4}
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Physical phenomenon

Dirichlet boundary conditions:

@ The vertical dissipation (e,, €4) play a more dominant role in the
vanishing dissipation limit.

@ ¢,,¢4 more rapidly tending to zero will cause the vanishing of the
boundary layer in L? norm.

Navier-slip and Neumann boundary conditions:

@ The anisotropic dissipation coefficients have almost equal
effects on the vanishing dissipation limit.

@ Boundary layer must vanish in L? norm.

Theory on Well-posedness of Boussinesq equations



Asymptotic behavior of solution to Boussinesq equations Vanishing viscosity limit

Introduction—Boussinesq equations, Dirichlet

boundary conditions

dwt +u - Vu® + Vp© = vAu® + 0%, t >0, (x,y) € R?,

0:0° + ut - VO° = ¢ AO°,

V-ut =0, (15)
uly=0=0, 0= =a(t;x),

(u®, 0%)i=0 = (uo, Oo).

@ Temperature boundary layer exists.
(Jiang—Zhang—Zhao, J. Differ. Equ., 2011)

@ Question:
Does the temperature boundary layer cause the velocity
boundary layer?

The boundary layers are weak or strong?
The asymptotic behavior of (1€, 6¢) in L¥((0, T) x R%), as ¢ — 0?
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Global well-posedness

Let € =0, (15) formally becomes
A + ul0 . vl 4 vplf = yAulO + 60y,

0,60 + 410 . yvoll =,
V-ul? =0, (16)

Theorem 5 (Wang—Xu, 2022)

Assume (ug, 6p) € H*(IR2), and (ug, 6o) satisfies the
corresponding compatibility conditions. Then (16) admits a
unique global strong solution (u'°, 0'9), such that VT > 0,

ul® € 120, T; H3(R2)) N L?(0, T; H*(R2)),
00 € L™(0, T; H3(R2)).

v

Theory on Well-posedness of Boussinesq equations



Asymptotic behavior of solution to Boussinesq equations Vanishing viscosity limit

Vanishing diffusivity limit (6¢|,—o = a(t; x))

0M0(t; x,0) = 00(0; x,0) = Oy(x,0) = a(0; x)

= 9‘“|}/:0 * 91’0|y:0.

Theorem 6 (Wang—Xu, 2022)

s+l

Assume (ug, o) € H*(R2), a(t; x) € CI51*1([0, +00), H*(R)) for s > 23,
and (ug, 6y) satisfies the corresponding compatibility conditions. Let
(uf, 6¢) be the solution to (15), and (u'?, 6'°) be the solution to (16).
Then, there exists a boundary layer profile 6°, such that for any

T > 0, the expansions

u(t;x,y) = u(tx,y) + Y (5 x,y),
6°(:x,y) = 6"tx%,) + OP0(t;x, =

Ve
hold in L=((0, T) x IR2), with the remainder y¢ = O(e1), 6* = O(e#).

) +06°(tx,y)
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The sketch of proof. Step1: asymptotic expansions

Take the following ansatz for (u¢, p*, 6°):

wtxy) = Y et (wi(xy) + ubitx ),
20

PGy =Y et (Y + PP m),
720

0%t x,y) = Z eé (Ql'j(t; X, Y) + QB'j(t; X, 17)),
720

where n = \% and as n — +oo, (ub4, pB7, 0B1)(t; x, ) decays to zero
exponentially.

OE™: ub=0, ud'=0.

2
O(e_%) : uf’l =0, uzB’z =0, pB’O =0.
O : uj?=0, uy’=0, p"#0, 6" %0
O(s%) : uf’?’ #0, u§’4 #0,
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Step2: construct approximate solution to (15)

Let
5 4 y
”‘(txy): eéu”txy)+ chyb It x, —=)
5 0 u§5|y O(P( \f)
e (( GRS ) ( Vedsuty ly-of (<) ]]
4 4
“’(txy)z el If(txy)+ e% (t X, — Y ),
4 3
054 (¢ Lol x, 0PIt x, =) — e 0", Lo (-L).
(tx,y) = ;e (xy)+;‘& (x\/E) e yoqb(\/z)
¢, 1 € C2([0,0)), supp ¢, supp ¥ [0, 1], ¢(0) = 1, (0) = 0 and
V') = o).
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Step3: energy estimates for errors

Let
ut(tx,y) = u™*(t; x,y) + e*PRE(t; x, Y),
pe(tx,y) = p=i(Ex,y) + et x, Y),
O (£ x,y) = 0°(t; x,y) + Wi (t; x, ),
then (R¢, ¢, w*) satisfies
R +u’ - VR® + R* - Vu** + Vn® — AR* —w‘e; = Fj,
dw’ +u® - Vw® + R - VO — eAw® = F;,
V-R* =0, (17)
R*(0;x,y) =0, w(0;x,y) =0,
Ré(t;x,0)=0, w'(tx,0)=0,
where F¢ = O(e™1), F; = O(et).
@ [IRlpso,mxr2) < Ce i, e[| 0, ryxm2) < Ce i

3

= uf = 1 + O(el), 6 = 6% + O(e¥) hold in LY.
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Vanishing diffusivity limit (6¢|,-o = a(x))

6"0(t; x,0) = 610(0; x,0) = Bo(x, 0) = a(x)
it G(h/:o = Gl’olyzo.
Theorem 7 (Wang—Xu, 2022)

Assume (ug, 0p) € H*(R2), a(x) € H*(R) fors > 11, and (uo, 6) satisfies
the corresponding compatibility conditions. Let (u®, 6¢) be the solution
to (15), and (u'?, ') be the solution to (16). Then, for any T > 0, the
expansions

ut(tx,y) = u(t x,y) + r(t x, y),
0°(t; x,y) = 00(t x,y) + s (£ X, y)

hold in L=((0, T) x IR2), with the remainder r¢ = O(ei), st = O(ei).

Asymptotic expansions:

Wbl =1y = 0B = pP¥=0,0<i<4,0<j<50<I<1,0<k<2.
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Physical phenomenon

@ Strong temperature boundary layer occurs when temperature is
changing with time on the boundary.

@ Weak temperature boundary layer appears when temperature
does not depend on time on the boundary.

@ Only weak velocity boundary layers appear.
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Thanks!
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