
ÌÌÌ©©©ÛÛÛ���{{{333Navier-Stokes���§§§¥¥¥���AAA^̂̂

¸̧̧øøøõõõ

(¥¥¥III���ÆÆÆ���êêêÆÆÆ���XXXÚÚÚ���ÆÆÆïïïÄÄÄ���)

2020c12�04F, ÉÇ�Æ,ÉÇ



1. ���µµµ000���

n�Ø�Ø Navier-Stokes�§:

∂tu− ν∆u+ (u · ∇)u+∇p = f(x, t), ∇ · u = 0.

Ù¥ν > 0L«Ê5Xê, u´�Ý|, p´Ør¼ê.
Navier-Stokes�§´d�|����5�IO�Ô.Ú��ý�. �©�§|¤�
·Ü.�§|,T�§��ØU�?Û�UÄ,ïÄå5k4��(J. Navier-Stokes�
§£ãÊ5Ø�Ø 6N�$Ä5Æ,�N
ý¢6N6Ä�Ä�åÆ5Æ,36Nå
Æ¥äk�©­��¿Â,g,.¥�þ�6N�.,~Xäk9D��A�6NÄå
Æ�.,^6NÄåÆ�.,°�ÄåÆ�.,±9£ãÉ�3ÄóÚ·ó¥�6Ä�+
�6�êÆ�.,ÙÌÜþ�Navier-Stokes�§. Ïd, Navier-Stokes�§äkér�Ô
n�µ,3)¹!��!�ÆEâ9Y|ó§¥kér�A^d�,´�8��5�Æ
ïÄ¥�­:Ú9:¯K.



éNavier-Stokes�§�ïÄ®k�zõc�{¤,'un�Ø�Ø Navier-Stokes�§
äkk�Uþ1wÐ��N�K)��35½T)3k��mS�»´{IClayïÄ
¤úÙ�Ô�Z$c¯K��.

Ø�Ø Navier-Stoke�§XÚ�nØïÄ©u{IÍ¶êÆ[J. Leray ({I�Æ
��¬) 1934c�mM5ó�. LerayÄg�E
��!n��/eäkk�Uþ�
�a�Nf), Leray�?�Ú©Û
¦¤�E�f)'u�m��UÛÉ:8Ü
�HausdorffÿÝ�O. LerayÄgJÑ:

Navier-Stokes�§�f)3L2�ê¿Âe´Ä��mP~ªu"?

��­V�ù�¯Kâ�Schonbek, WiegnerÚMiyakawa�<©OÕá)û, ¤^�{
Ì�´SchonbekMá�Fourier©lE|, Wiegnerïá�Ä�Ø�ª, ±9Miyakawa�
<ïá�Ì©Û�{.



�ÄXeØ�Ø Navier-Stokes�àgCauchy¯K:
∂tu−∆u+ (u · ∇)u+∇p = 0, (x, t) ∈ Rn × (0,∞),

∇ · u = 0, (x, t) ∈ Rn × (0,∞),

u(x, 0) = a, x ∈ Rn.

(1.1)

Ù¥¼êu = (u1(x, t), u2(x, t), · · · , un(x, t)) (n ≥ 2) Úp = p(x, t) ©OL«���6

N�Ý|ÚØr; a = a(x) ´�½�Ð©�þ|, �32Â¿Âe÷vØ�ØA�:
∇ · a(x) = 0, x ∈ Rn.



fff)))½½½ÂÂÂ. b½a ∈ L2
σ(Rn). ¡�þ¼êu ∈ L∞(0,∞;L2

σ(Rn)) ∩ L2
loc([0,∞);H1(Rn))�

¯K(1.1)�f),XJé?¿�ϕ ∈ C∞0 ([0,∞); C∞0,σ(Rn)),eª¤á:∫ ∞
0

∫
Rn

(−u∂τϕ+∇u · ∇ϕ+ (u · ∇)u · ϕ)dxdτ =

∫
Rn

a(x)ϕ(x, 0)dx.

?�Ú,XJéA�??��mt ∈ (0,∞),eãUþØ�ª¤á:

‖u(t)‖2L2(Rn) + 2

∫ t

0

‖∇u(s)‖2L2(Rn)ds ≤ ‖a‖
2
L2(Rn).

K¡f)u�¯K(1.1)�Leray-Hopff). d	, XJLeray-Hopff)u÷v: u ∈
L∞(0,∞;H1(Rn)) ∩ L2

loc([0,∞);H2(Rn)),K¡u�¯K(1.1)�r).



2. ÌÌÌ©©©ÛÛÛ���{{{

3Rnþ�ÄNavier-Stokes�§�Ð�¯K

∂u

∂t
−∆u+ (u · ∇)u+∇p = 0 3 Rn × (0,∞)þ,

∇ · u = 0 3 Rn × (0,∞)þ,

u(x, 0) = a(x) 3 Rnþ,

(2.1)

Ù¥n ≥ 2, u = (u1, u2, · · · , un), p©OL«���Ý�Ør¼ê, a = (a1, a2, · · · , an)´
�½�Ð©�Ý|.



½½½nnn2.1. �a ∈ L2
σ(Rn), n ≥ 2. K¯K(2.1)�3��f)u,÷ve¡5�:

(i)�t −→∞�, ‖u(t)‖L2(Rn) −→ 0.

(ii)XJa ∈ L2
σ(Rn) ∩ Lr(Rn), 1 ≤ r < 2,K

‖u(t)‖L2(Rn) ≤ C(1 + t)−
n
2 (

1
r−

1
2), ∀t ≥ 0,

Ù¥, C =�6un, r�a.

½n2.1¥���(J´�Z�. ¯¢þ,�kXe(J.

½½½nnn2.2. XJu´½n2.1¥���f), u0´äk�ÓÐ�a ∈ L2
σ(Rn)��59�§�

). K

(iii)�t→∞�, ‖u(t)− u0(t)‖L2(Rn) = o(t1/2−n/4).

(iv)XJa ∈ L2
σ(Rn) ∩ Lr(Rn), 1 ≤ r < 2,K�t→∞�,¤á

‖u(t)− u0(t)‖L2(Rn) = o(t−
n
2 (

1
r−

1
2)).



½½½nnn2.1���yyy²²². 3Caffarelli-Kohn-Nirenberg�©z(CPAM, 1982)¥Ú\�¯K(2.1)�
%C)uN , N = 1, 2, · · · ,÷v:

duN
dt

+ P (wN · ∇)uN + AuN = 0, t > 0, uN(0) = a ∈ L2
σ(Rn),

Ù¥, wN´uN�,«ò´�1(��!�¡�N¹A); P´L2(Rn)�L2
σ(Rn)�k.

ÝK�f; A´L2
σ(Rn)¥½Â��D(A) = H2(Rn)�n�.Ê.d�f−∆. ù´Ï

�P�A3D(A)¥���.�y½n2.1, 2.2,·�I�uN�wN�
5�. ù
5��y
²ë�N¹A.



(a)éuT > 0, uN�3���,�áuL∞(0, T ;H1(Rn)) ∩ L2(0, T ;H2(Rn)).

(b) wN9Ù�ê3«�: Rn × [0, T ]þëYk.,�÷v: ‖wN‖L2(Rn×[0,T ]) ≤
‖uN‖L2(Rn×[0,T ]) (ù´d�1¼ê�5����). d	, ·��k∇ · wN = 0, ±9
éut ≥ 0,¤á ∫ t

0

‖wN(s)‖2L2(Rn)ds ≤
∫ t

0

‖uN(s)‖2L2(Rn)ds.

(c) uN ∈ C1((0,∞);L2
σ(Rn)) ∩ C([0,∞);L2

σ(Rn)),�÷v

(d/dt)‖uN(t)‖2L2(Rn) = 2(uN(t), u′N(t)), Ù¥, u′N = duN/dt.

(d) �3uN�fS�, Ù3L2
loc(Rn × [0,∞))¥Âñu¯K(2.1) �f)u, u ∈

L∞(0, T ;L2
σ(Rn)) ∩ L2(0, T ;H1(Rn)).



·���, éun = 2, ¯K(2.1) �3���r)u, ÷vþ¡5�(a)�(c). �â5
�(c)�(P (u · ∇)u, u) = 0,��u÷ve¡UþØ�ª:

‖u(t)‖2L2(Rn) + 2

∫ t

0

‖∇u(s)‖2L2(Rn)ds ≤ ‖a‖
2
L2(Rn). (2.2)

3�Ñ½n2.1�y²�c,·�*	�e¡¯¢: XJn ≥ 3, uN÷ve¡/ª��O

‖uN(t)‖L2(Rn) ≤ f(t), t > 0,

Ù¥, f´Ø�6uN�ëY¼ê. dþ¡5�(d)´�,éuuN�f�4����f)u,
Ó���OØ���"ÿÝ8	E,¤á. Ïf)l[0,∞)�L23fÿÀe´ëY�,
‖u(t)‖L2(Rn)´e�ëY�. u´,éut > 0, u÷vþ¡�O.



Äuþãù
5�,·��Ä

du

dt
+ P (w · ∇)u+ Au = 0, t > 0, u(0) = a ∈ L2

σ. (2.3)

ùp,en ≥ 3,·��½N ,�u = uN , w = wN ;en = 2,Pw = u, u´¯K(2.1)�r).
·�ò��'u¼êu��O. n ≥ 3��/,ù
�O�NÃ',-N →∞,B����
��O.P

A =

∫ ∞
0

λdE(λ)

�A�Ì©). dN¹B,��

‖E(λ)v‖2L2(Rn) = (2π)−n
∫
|ξ|2≤λ

|v̂(ξ)|2dξ, ∀v ∈ L2(Rn).

ùp,Fp�C�½ÂXe:

v̂(ξ) =

∫
Rn

e−ix·ξv(x)dx.

�y½n2.1,·�|^Fp�C�nØkyXeÚn.



ÚÚÚnnn2.3. éuλ > 0,±9u,w ∈ H1(Rn), ∇ · w = 0. ¤á

‖E(λ)P (w · ∇)u‖L2(Rn) ≤ C‖w‖L2(Rn)‖u‖L2(Rn)λ
(n+2)/4, (2.4)

Ù¥, C=�6un.

yyy²²²|^Helmholtz©): L2(Rn) = L2
σ(Rn) ⊕ G(Rn),Ù¥G(Rn) = {∇p ∈ L2(Rn); p ∈

L2
loc(Rn)}. P : L2

σ(Rn) −→ L2
σ(Rn)´k.���ÝK.�é?¿�u, v ∈ L2(Rn),¤á

(Pu, v) = (Pu, Pv) = (u, Pv),

`²P = P ∗. ?�Ú,Pu = Pu+∇p,¤á

(E(λ)Pu, v) = (E(λ)Pu, Pv)

= (E(λ)u, Pv)− (E(λ)∇p, Pv)

= (E(λ)u, Pv) = (PE(λ)u, v).

L²E(λ)P = PE(λ).



l
,

‖E(λ)P (w · ∇)u‖2L2(Rn) =‖PE(λ)(w · ∇)u‖2L2(Rn)

≤C‖E(λ)(w · ∇)u‖2L2(Rn)

=C

∫
|ξ|2≤λ

| ̂(w · ∇)u(ξ)|2dξ.

d∇ · w = 0�, (w · ∇)u =
n∑
j=1

∂j(w
ju). l
,

| ̂(w · ∇)u(ξ)| = |ξjŵju(ξ)| ≤ |ξ|‖|w|u‖L1(Rn) ≤ C|ξ|‖w‖L2(Rn)‖u‖L2(Rn).

u´ ∫
|ξ|2≤λ

| ̂(w · ∇)u(ξ)|2dξ ≤ C‖w‖2L2(Rn)‖u‖
2
L2(Rn)

∫
|ξ|2≤λ

|ξ|2dξ

≤ C‖w‖2L2(Rn)‖u‖
2
L2(Rn)λ

(n+2)/2. 2



½½½nnn2.1���yyy²²².
(((ØØØ(i)���yyy²²²3¯K(2.1)¥�§�ü>Ó¦±u,(Ü5�(c)�

(P (w · ∇)u, u) = 0,

��
d

dt
‖u(t)‖2L2(Rn) + 2‖A1/2u(t)‖2L2(Rn) = 0.

éu?¿�½�ρ > 0,þ¡�Ò�à1����OXe:

‖A1/2u(t)‖2L2(Rn) =

∫ ∞
0

λd‖E(λ)u(t)‖2L2(Rn)

≥
∫ ∞
ρ

λd‖E(λ)u(t)‖2L2(Rn)

≥ρ
∫ ∞
ρ

d‖E(λ)u(t)‖2L2(Rn)

=ρ(‖u(t)‖2L2(Rn) − ‖E(ρ)u(t)‖2L2(Rn)).



l

d

dt
‖u‖2L2(Rn) + ρ‖u‖2L2(Rn) ≤ ρ‖E(ρ)u‖2L2(Rn), ∀ ρ > 0. (2.5)

��Oþ¡mà�,�Ä(2.3)�È©/ª:

u(t) = e−tAa+

∫ t

0

e−(t−s)AF (w, u)(s)ds,

Ù¥, {e−tA}t≥0�d−A)¤��+, F (w, u) = −P (w · ∇)u.
òE(ρ)�^3þã�ª�ü>,¤á

E(ρ)u(t) = E(ρ)e−tAa+

∫ t

0

E(ρ)e−(t−s)AF (w, u)(s)ds.

5¿� ∫ t

0

E(ρ)e−(t−s)AF (w, u)(s)ds

=

∫ t

0

e−(t−s)AE(ρ)F (w, u)(s)ds

=

∫ t

0

[ ∫ ∞
0

e−(t−s)λdE(λ)E(ρ)F (w, u)(s)
]
ds

=

∫ t

0

[( ∫ ρ

0

+

∫ ∞
ρ

)
e−(t−s)λdE(λ)E(ρ)F (w, u)(s)

]
ds

=

∫ t

0

[ ∫ ρ

0

e−(t−s)λdE(λ)F (w, u)(s)
]
ds



=

∫ t

0

[ ∫ ρ

0

d{e−(t−s)λE(λ)F (w, u)(s)}
]
ds

+

∫ t

0

(t− s)
[ ∫ ρ

0

e−(t−s)λE(λ)F (w, u)(s)dλ
]
ds

=

∫ t

0

e−(t−s)ρE(ρ)F (w, u)(s)ds

+

∫ t

0

(t− s)
[ ∫ ρ

0

e−(t−s)λE(λ)F (w, u)(s)dλ
]
ds.

Ïd��

E(ρ)u(t) =E(ρ)e−tAa+

∫ t

0

e−ρ(t−s)E(ρ)F (w, u)(s)ds

+

∫ t

0

(t− s)
(∫ ρ

0

e−λ(t−s)E(λ)F (w, u)(s)dλ
)
ds.



|^(2.4),þª��ü��L2�ê��OXe

≤ Cρ(n+2)/4
{∫ t

0

e−ρ(t−s)‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)(s)ds

+

∫ t

0

(t− s)
(∫ ρ

0

e−λ(t−s)‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)(s)dλ
)
ds
}

≤ Cρ(n+2)/4

∫ t

0

‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)ds

≤ Cρ(n+2)/4
(∫ t

0

‖w(s)‖2L2(Rn)ds
)1/2(∫ t

0

‖u(s)‖2L2(Rn)ds
)1/2

≤ Cρ(n+2)/4

∫ t

0

‖u(s)‖2L2(Rn)ds.

ùp,3n ≥ 3�/e,·�®²^�
5�(b).



u´,

‖E(ρ)u(t)‖L2(Rn) ≤ ‖e−tAa‖L2(Rn) + Cρ(n+2)/4

∫ t

0

‖u(s)‖2L2(Rn)ds. (2.6)

d(2.2)�, ‖u(s)‖L2(Rn) ≤ ‖a‖L2(Rn). l(2.5)�(2.6),��

d

dt
‖u(t)‖2L2(Rn) + ρ‖u(t)‖2L2(Rn) ≤ Cρ[‖e−tAa‖2L2(Rn) + t2ρ(n+2)/2], ρ > 0.

-ρ = αt−1, α > 0��½~ê. 3þãØ�ªü>¦±tα,��

d

dt
(tα‖u(t)‖2L2(Rn)) ≤ Ctα−1[α‖e−tAa‖2L2(Rn) + α(n+4)/2t1−n/2],

Ù¥C�αÃ'.



À�α,¦�α − n/2 > −1. 5¿�, n = 2�, α�±��?¿�u0�~ê. 3þªüà
'ut?1È©,��

‖u(t)‖2L2(Rn) ≤ C
(
αt−α

∫ t

0

sα−1‖e−sAa‖2L2(Rn)ds

+(α + 1− n/2)−1α(n+4)/2t1−n/2
)
.

(2.7)

XJn ≥ 3, uB´?�uN . Ï�1− n/2 ≤ −1/2,±9�t→∞�, ‖e−tAa‖L2(Rn) → 0. l

,�t → ∞�,'uN��/¤á: ‖u(t)‖L2(Rn) → 0. ù�Òy²
n ≥ 3�/e�(

Ø(i).

XJn = 2. d�, u´¯K(2.1)�r). éu?¿α > 0, (2.7)C�

‖u(t)‖2L2(R2) ≤ C
(
αt−α

∫ t

0

sα−1‖e−sAa‖2L2(R2)ds+ α2
)
.

l
,éu?¿α > 0, lim
t→∞
‖u(t)‖2L2(R2) ≤ Cα2,Ù¥C�αÃ'.ddB�n = 2�/�(

Ø(i),=: lim
t→∞
‖u(t)‖L2(R2) = 0.



(((ØØØ(ii)���yyy²²². ·�|^òÈ/ª�YoungØ�ª, ��e¡Ù��(Lr, Lq) �O:
�1 ≤ r ≤ q ≤ ∞,¤á

‖e−tAa‖Lq(Rn) = ‖Gt ∗ a‖Lq(Rn) ≤ Ct−(n/r−n/q)/2‖a‖Lr(Rn), (2.8)

Ù¥Gt(x) = (4πt)−
n
2e−

|x|2
4t ´9�§�Ä�).

·�k�Än ≥ 3��¹.

Pa ∈ L2
σ(Rn) ∩ Lr(Rn), 1 ≤ r < 2. |^(2.7),¿(Ü(2.8),��

‖u(t)‖2L2(Rn) ≤ C(t−(n/r−n/2)‖a‖2Lr(Rn) + t1−n/2). (2.9)



XJn(1/r− 1/2) ≤ n/2− 1,B���(Ø.XJn(1/r− 1/2) > n/2− 1 ≥ 1/2. d(2.9),
��, ‖u(t)‖2L2(Rn) ≤ Ct−1/2. u´,l(2.6),��

‖E(ρ)u(t)‖L2(Rn) ≤ ‖e−tAa‖L2(Rn) + Cρ(n+2)/4t1/2.

d(2.5),��

d

dt
‖u(t)‖2L2(Rn) + ρ‖u(t)‖2L2(Rn) ≤ Cρ[t−(n/r−n/2)‖a‖2Lr(Rn) + ρ(n+2)/2t].

-ρ = nt−1,ü>¦±tn,��

d

dt
(tn‖u(t)‖2L2(Rn)) ≤ C[tn−1−(n/r−n/2) + t−1+n/2].

u´

‖u(t)‖2L2(Rn) ≤ C[t−(n/r−n/2) + t−n/2].

d1 ≤ r < 2��, n(1/r − 1/2) ≤ n/2,dd��(Ø.



e¡�Än = 2��/. d�, (2.9)ØU�Ñ‖u(t)‖L2(R2)�P~�O,þ¡�Øy�{�
�. u´,·�æ^Ù§�{5�O(2.6)�m>. �ÄXe�§

u(t) = e−tAa+

∫ t

0

e−(t−s)AFu(s)ds (2.10)

Ù¥, Fu = F (u, u) = −P (u · ∇)u. (5¿, w = u, u´¯K(2.1)3n = 2��r).)
�a ∈ L2

σ(R2) ∩ Lr(R2), 1 < r < 2. 5¿�, �fP : Lr(R2) → Lrσ(R2) �k.5.
d(2.10),��

‖u(t)‖Lr(R2) ≤‖a‖Lr(R2) + C

∫ t

0

(t− s)−1+
1
r‖(u · ∇)u(s)‖L1(R2)ds

≤‖a‖Lr(R2) + C

∫ t

0

(t− s)−1+
1
r‖u(s)‖L2(R2)‖∇u(s)‖L2(R2)ds

≤‖a‖Lr(R2) + C‖a‖L2(R2)

(∫ t

0

(t− s)−2+
2
rds
)1

2
(∫ t

0

‖∇u(s)‖2L2(R2)ds
)1

2

≤‖a‖Lr(R2) + C‖a‖2L2(R2)t
1
r−

1
2 .



l
, u(t) ∈ L2
σ(R2) ∩ Lr(R2), t ≥ 0. d	, d(Ø(i): lim

t→∞
‖u(t)‖L2 = 0, ·�Ø�b

½a ∈ L2
σ(R2) ∩ Lr(R2)�‖a‖L2(R2)�±?¿�. ÄK,^u(t)(�¦t >> 1)�Oa. d(2.8),

(2.9),·���

‖u(t)‖L2(R2) ≤‖e−tAa‖L2(R2) +

∫ t

0

‖e−(t−s)AP (u · ∇)u(s)‖L2(R2)ds

≤‖e−tAa‖L2(R2) + C

∫ t

0

(t− s)−(1−
1
2)‖(u · ∇)u(s)‖L1(R2)ds

≤t−(
1
r−

1
2)‖a‖Lr(R2) + C

∫ t

0

(t− s)−
1
2‖u(s)‖L2(R2)‖∇u(s)‖L2(R2)ds.



du1 < r < 2,��±À�q,¦�2 < q < (1/r − 1/2)−1. Ï1 + 1/q = 1/2 + (q + 2)/2q,
éþã�OA^���Hardy-Littlewood-SobolevØ�ª,��(∫ t

0

‖u(s)‖qL2(R2)ds
)1/q
≤C‖a‖Lr(R2)t

1/q−1/r+1/2

+C
(∫ t

0

(‖u(s)‖L2(R2)‖∇u(s)‖L2(R2))
2q/(q+2)ds

)(q+2)/2q

≤C‖a‖Lr(R2)t
1/q−1/r+1/2

+C
(∫ t

0

‖u(s)‖qL2(R2)ds
)1/q(∫ t

0

‖∇u(s)‖2L2(R2)ds
)1/2

≤C‖a‖Lr(R2)t
1/q−1/r+1/2 + C‖a‖L2(R2)

(∫ t

0

‖u(s)‖qL2(R2)ds
)1/q

.

XJC‖a‖L2(R2) ≤ 1/2,Kþ¡�O��Ñ(∫ t

0

‖u(s)‖qL2(R2)ds
)1/q
≤ 2C‖a‖Lr(R2)t

1/q−1/r+1/2.



d(2.6)±9þã�O,��

‖E(ρ)u(t)‖L2(R2) ≤Ct−(1/r−1/2)‖a‖Lr(R2) + Cρt1−2/q
( ∫ t

0

‖u(s)‖qL2(R2)ds
)2/q

≤Ct−(1/r−1/2)‖a‖Lr(R2) + Cρ‖a‖2Lr(R2)t
2−2/r.

òþª�\(2.5),��

d

dt
‖u(t)‖2L2(R2) + ρ‖u(t)‖2L2(R2) ≤ Cρ‖E(ρ)u(t)‖2L2(R2) ≤ Cρ(t−2(1/r−1/2) + ρ2t4(1−1/r)).

�ρ = αt−1,(Üþª,��

d

dt

(
tα‖u(t)‖2L2(R2)

)
≤ Ctα−1(t1−2/r + t4(1/2−1/r)).

?
, α > 0¿©��,��

‖u(t)‖2L2(R2) ≤ C(t−2(1/r−1/2) + t−4(1/r−1/2)).

du‖u(t)‖L2(R2) ≤ ‖a‖L2(R2), ∀t ≥ 0. Ïd

‖u(t)‖2L2(R2) ≤ C(1 + t)−2(1/r−1/2).

ù�,éu1 < r < 2, n = 2,·�Ò��
(Ø(ii).



e¡b�r = 1, n = 2. Ka ∈ L2
σ(R2) ∩ L1(R2) ⊂ L2

σ(R2) ∩ L4/3(R2). l
3þª¥
�r = 4

3,��‖u(t)‖2L2(R2) ≤ Ct−1/2. |^(2.6),��

‖E(ρ)u(t)‖L2(R2) ≤ C(t−1/2 + ρt1/2).

òþª�\(2.5),��

d

dt
‖u(t)‖2L2(R2) + ρ‖u(t)‖2L2(R2) ≤ Cρ‖E(ρ)u(t)‖2L2(R2) ≤ Cρ(t−1 + ρ2t).

À�ρ = αt−1, α > 1,(Üþª,k

d

dt

(
tα‖u(t)‖2L2(R2)

)
≤ Ctα−2.

l
¤á

‖u(t)‖2L2(R2) ≤ Ct−1. 2



½½½nnn2.2���yyy²²².

·�?Ø¼êv(t) = u(t)− u0(t)�L2ìC1�,Ù¥, u´¯K(2.1)�), u0 = e−tAa´

�uäk�ÓÐ�a�9�§�). l
, v÷v

dv

dt
+ Av = −P (w · ∇)u, v(0) = 0.

Ïd,
d

dt
‖v(t)‖2L2(Rn) + 2‖A1/2v(t)‖2L2(Rn) = 2B(w, u, v)(t),

Ù¥, B(w, u, v) = −(P (w · ∇)u, v) = −(w · ∇u, v).



��O�´�

B(w, u, v) = −B(w, v, u) = −B(w, v, v)−B(w, v, u0) = −B(w, v, u0).

d(2.8)�, ‖u0(t)‖L∞(Rn) ≤ Ct−n/2r‖a‖Lr(Rn), a ∈ Lrσ(Rn),l
��

2|B(w, v, u0)| ≤ 2‖w‖L2(Rn)‖∇v‖L2(Rn)‖u0‖L∞(Rn)

= 2‖w‖L2(Rn)‖A1/2v‖L2(Rn)‖u0‖L∞(Rn)

≤ Ct−n/2r‖a‖Lr(Rn)‖w‖L2(Rn)‖A1/2v‖L2(Rn)

≤ C‖a‖2Lr(Rn)‖w‖
2
L2(Rn)t

−n/r + ‖A1/2v‖2L2(Rn).

u´
d

dt
‖v(t)‖2L2(Rn) + ‖A1/2v(t)‖2L2(Rn) ≤ C‖a‖2Lr(Rn)‖w(t)‖2L2(Rn)t

−n/r. (2.11)



é?¿�ρ > 0,¤á:

‖A1/2v(t)‖2L2(Rn) =

∫ ∞
0

λd‖E(λ)v(t)‖2L2(Rn)

≥
∫ ∞
ρ

λd‖E(λ)v(t)‖2L2(Rn)

≥ρ
∫ ∞
ρ

d‖E(λ)v(t)‖2L2(Rn)

=ρ(‖v(t)‖2L2(Rn) − ‖E(ρ)v(t)‖2L2(Rn)).

d(2.11),��

d

dt
‖v(t)‖2L2(Rn) + ρ‖v(t)‖2L2(Rn)

≤ ρ‖E(ρ)v(t)‖2L2(Rn) + ‖a‖2Lr(Rn)‖w(t)‖2L2(Rn)t
−n/r, ρ > 0.

(2.12)



5¿�eãÈ©�§¤á:

v(t) =

∫ t

0

e−(t−s)AF (w, u)(s)ds,

E(ρ)v(t) =

∫ t

0

E(ρ)e−(t−s)AF (w, u)(s)ds,

±9c¡®y: ∫ t

0

E(ρ)e−(t−s)AF (w, u)(s)ds

=

∫ t

0

e−(t−s)ρE(ρ)F (w, u)(s)ds

+

∫ t

0

(t− s)
[ ∫ ρ

0

e−(t−s)λE(λ)F (w, u)(s)dλ
]
ds



|^n ≥ 3�, w = wN�5�(b),(Ü(2.4),��

‖E(ρ)v(t)‖L2(Rn)

≤
∫ t

0

e−(t−s)ρ‖E(ρ)F (w, u)(s)‖L2(Rn)ds

+

∫ t

0

(t− s)
∫ ρ

0

e−(t−s)λ‖E(λ)F (w, u)(s)‖L2(Rn)dλds

≤ Cρ
n+2
4

∫ t

0

e−(t−s)ρ‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)ds

+C

∫ t

0

∫ ρ

0

(t− s)e−(t−s)λλ
n+2
4 ‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)dsdλ

≤ Cρ
n+2
4

∫ t

0

‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)ds

+Cρ
n+2
4

∫ t

0

[ ∫ ρ

0

(t− s)e−(t−s)λdλ
]
‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)ds

≤ Cρ(n+2)/4

∫ t

0

‖w(s)‖L2(Rn)‖u(s)‖L2(Rn)ds

≤ Cρ(n+2)/4

∫ t

0

‖u(s)‖2L2(Rn)ds.



òþã�O�\(2.12)¥,��

d

dt
‖v(t)‖2L2(Rn) + ρ‖v(t)‖2L2(Rn)

≤ Cρ(n+4)/2
(∫ t

0

‖u(s)‖2L2(Rn)ds
)2

+ ‖a‖2Lr(Rn)‖u(t)‖2L2(Rn)t
−n/r.

(2.13)

(((ØØØ(iii)���yyy²²².

b�n ≥ 2, a ∈ L2
σ(Rn). 3(2.13)¥,-r = 2, ρ = αt−1, α > n/2 + 2,3ü>¦±tα,��

d

dt
(tα‖v(t)‖2L2(Rn)) ≤ Ctα−n/2−2

(∫ t

0

‖u(s)‖2L2(Rn)ds
)2

+ ‖a‖2Lr(Rn)‖u(t)‖2L2(Rn)t
α−n/2.

ü>'utÈ©,��

‖v(t)‖2L2(Rn) ≤ Ct−α
[ ∫ t

0

τα−n/2−2dτ
(∫ t

0

‖u(s)‖2L2(Rn)ds
)2

+C

∫ t

0

sα−n/2‖u(s)‖2L2(Rn)ds
]
.



|^α�À�,��

‖v(t)‖2L2(Rn) ≤ Ct1−n/2
[(
t−1
∫ t

0

‖u(s)‖2L2(Rn)ds
)2

+t−1
∫ t

0

‖u(s)‖2L2(Rn)ds
]
.

(2.14)

3(i)¥®y:�t −→ ∞�, ‖u(t)‖L2(Rn) −→ 0 (en ≥ 3,'uN´��Âñ),l
�t −→
∞�, (2.14)ª¥m>�È©ªu0. `²(Ø(iii)¤á.



(II)(((ØØØ(iv)���yyy²²²·��Iy²e¡(Ø.

···KKK2.4. b�a ∈ L2
σ(Rn) ∩ Lr(Rn), 1 ≤ r < 2. K�t −→∞�,¤á

‖v(t)‖2L2(Rn) =


O(t1+n/2−2n/r), n/r − n/2 < 1;

O(t−1−n/2(log t)2), n/r − n/2 = 1;

O(t−1−n/2), n/r − n/2 > 1.

555|^þã(Ø,{üO�L²: �t −→∞�,¤á

‖v(t)‖L2(Rn) = o(t−
n
2 (

1
r−

1
2)).



yyy²²². kb½n/r − n/2 < 1. d½n2.1,��

‖u(s)‖2L2(Rn) ≤ C(1 + s)−(n/r−n/2), s ≥ 0.

u´,l(2.13),��

d

dt
‖v(t)‖2L2(Rn) + ρ‖v(t)‖2L2(Rn) ≤ Cρ(n+4)/2t2−2(n/r−n/2) + ‖a‖2L2(Rn)‖u(t)‖2L2(Rn)t

−n/r.

-ρ = αt−1,þ¡Ø�ªü>Ó¦±tα,��

d

dt
(tα‖v(t)‖2L2(Rn)) ≤ C[tα+n/2−2n/r + ‖u(t)‖2L2(Rn)t

α−n/r].

À�α > 2n/r − n/2, α > n/r,ü>2'utÈ©,�

‖v(t)‖2L2(Rn) ≤ C
(
t1+n/2−2n/r + t−n/r

∫ t

0

‖u(s)‖2L2(Rn)ds
)
. (2.15)



5¿�, ∫ t

0

‖u(s)‖2L2(Rn)ds ≤ C

∫ t

0

(1 + s)−(n/r−n/2)ds ≤ Ct1−(n/r−n/2).

òþª�\(2.15),�
‖v(t)‖2L2(Rn) ≤ Ct1+n/2−2n/r.

ù�,éun/r − n/2 < 1,·�Ò��·K2.4¥��O.



e¡�Än/r − n/2 = 1��/. d½n2.1�(Ø(ii),��

‖u(s)‖2L2(Rn) ≤ C(s+ 1)−1, s ≥ 0.

d(2.13),��

d

dt
‖v(t)‖2L2(Rn) + ρ‖v(t)‖2L2(Rn)

≤ Cρ(n+4)/2[log(1 + t)]2 + ‖a‖2Lr(Rn)‖u(t)‖2L2(Rn)t
−n/r.

l
k

d

dt
(tα‖v(t)‖2L2(Rn)) ≤ C[tα−2−n/2(log(t+ 1))2 + ‖u(t)‖2L2(Rn)t

α−n/r].

À�α > 2 + n/2, α > n/r,�t¿©��,k

‖v(t)‖2L2(Rn) ≤C[t−1−n/2(log(t+ 1))2 + t−n/r
∫ t

0

‖u(s)‖2L2(Rn)ds]

≤Ct−1−n/2(log(t+ 1))2.

d���(Ø.



��,�Än/r − n/2 > 1��/. Pβ = n
r −

n
2 − 1,Kβ > 0. l½n2.1,��

‖u(s)‖2L2(Rn) ≤ C(s+ 1)−1−β, s ≥ 0.

l
, ∫ ∞
0

‖u(t)‖2L2(Rn)dt ≤ C.

Ïd,d(2.13),��

d

dt
‖v(t)‖2L2(Rn) + ρ‖v(t)‖2L2(Rn) ≤ Cρ(n+4)/2 + ‖a‖2Lr(Rn)‖u(t)‖2L2(Rn)t

−n/r.

?
¤á
d

dt
(tα‖v(t)‖2L2(Rn)) ≤ C[tα−n/2−2 + ‖u(t)‖2L2(Rn)t

α−n/r].



�¿©��α,Ï�1 + n/2 < n/r,�¤á

‖v(t)‖2L2(Rn) ≤ Ct−α
(∫ t

0

sα−n/2−2ds+ tα−n/r
∫ t

0

‖u(s)‖2L2(Rn)ds
)

≤ C(t−1−
n
2 + t−

n
r )

≤ Ct−1−n/2, ∀t > 1.

(2.16)

(ÜUþØ�ª,��

‖v(t)‖L2(Rn) ≤ ‖u(t)‖L2(Rn) + ‖u0(t)‖L2(Rn) ≤ 2‖a‖L2(Rn), ∀t ≥ 0.

l
d(2.16),��
‖v(t)‖2L2(Rn) ≤ C(1 + t)−1−n/2, ∀t ≥ 0.

d=´·����(J.ù�·�Ò�¤·K2.4�y². ?
,½n2.2y.. 2



NNN¹¹¹A
3�!¥, ·�y²: Cafferalli-Kohn-Nirenberg©z(CPAM, 1982)¥�Ñ�¯K(2.1)�
%C)S�uN¥�3��f�Âñ�¯K(2.1)�f). Cafferalli-Kohn-Nirenberg3T
©z¥==�Ñ
n = 3��y². ùp, ·��Ñn ≥ 3��y²òV. éu,�pN ,
Cafferalli-Kohn-Nirenberg©z(CPAM, 1982)¥½Â�¯K(2.1)�%C)uN÷v:

∂uN
∂t

+ (wN · ∇)uN −∆uN +∇pN = 0 3 Rn × (0,∞)þ,

∇ · uN = 0 3 Rn × (0,∞)þ,

uN(x, 0) = a(x) 3 Rnþ.

(A1)

Ù¥, a ∈ L2
σ(Rn), wN´Xe½Â�'uuN�ò´�1:



wN(x, t) = δ−n−1
∫ ∞
0

∫
Rn

ψ(y/δ, s/δ)ũN(x− y, t− s)dyds, δ = N−1,

Ù¥, ψ´���K1w¼ê,÷v:∫ ∞
0

∫
Rn

ψ(x, t)dxdt = 1, suppψ ⊂ {(x, t) : |x|2 < t, 1 < t < 2}.

ũN´uN�"òÿ, uNéut ≥ 0k½Â. dusuppψ�b�, ¦)¯K(A1) �du3
«m[(k − 1)δ, kδ], k = 1, 2, · · ·þ¦)�5�§. |^Faedo-Galerkin �{´�, éu
?¿a ∈ L2

σ(Rn), ±9?ÛT > 0, ¯K(A1) �3���)uN ∈ L∞(0, T ;L2
σ(Rn)) ∩

L2(0, T ;H1(Rn)). wN3^/«�Rn × [0, T ]þ�k.5�1w5dÙ½Â��. d	,
ØåpN3����t�¼ê¿Âede¡�§û½

−∆pN = ∇ · [(wN · ∇)uN ] =
n∑

j,k=1

∂xj∂xk(w
j
Nu

k
N).



l


pN =
n∑

j,k=1

RjRk(w
j
Nu

k
N), (A2)

∂`pN =
n∑

j,k=1

∂`RjRk[(wN · ∇)ukN ]

=
n∑

j,k=1

R`Rk∂j(w
j
Nu

k
N)

=
n∑

j,k=1

R`Rk[(wN · ∇)ukN ], ` = 1, 2, · · · , n.

Ù¥, Rj, j = 1, · · · , n´RieszC�.dRieszC�3Lr, 1 < r <∞¥�k.5,��

‖∇pN‖L2(Rn) ≤ CN‖∇uN‖L2(Rn).



�±ò¯K(A1)�¤e¡uÐ�§�/ª

duN
dt

+ P [(wN · ∇)uN ] + AuN = 0, t > 0, uN(0) = a ∈ L2
σ(Rn).

|^wN�1w5±9{e−tA}t≥03L2
σ þ½Â
��k.�)Û�+��,

uN ∈ C([0,∞);L2
σ(Rn)) ∩ C1((0,∞);L2

σ(Rn)), AuN ∈ C((0,∞);L2
σ(Rn)).

u´,·��±��c¡�5�(c).

e¡·�y²5�(d).

d5�(c)��Uþð�ª:

‖uN(t)‖2L2(Rn) + 2

∫ t

0

‖∇uN(s)‖2L2(Rn)ds = ‖a‖2L2(Rn), t > 0.



l
,é?¿T > 0, uN3L∞(0, T ;L2
σ(Rn)) ∩ L2(0, T ;H1(Rn))¥k.,2di\½n�,

uN 3 L2+4/n(Rn × (0, T )) ¥k.. (A3)

dwN�½Â��, wN3þã�m¥�´k.�. (�/`,éut > 0,·�k

‖wN(t)‖L2(Rn) ≤ sup
0<s<t

‖uN(s)‖L2(Rn) ≤ ‖a‖L2(Rn);∫ t

0

‖∇wN(s)‖2L2(Rn)ds ≤
∫ t

0

‖∇uN(s)‖2L2(Rn)ds ≤ ‖a‖
2
L2(Rn);∫ t

0

‖wN(s)‖2L2(Rn)ds ≤
∫ t

0

‖uN(s)‖2L2(Rn)ds.



dd��5�(b). |^ù
�O,2(Ü(A2),��

éu?¿ T > 0, pN 3 L1+2/n(Rn × (0, T )) ¥k.. (A4)

,��¡, éu?¿m ≥ n/2, T > 0, ∆uN − (wN · ∇)uN3L
2(0, T ;H−m)¥k.(�ë

�R. Temam;Í¥�1nÙ,Ún2.2). Ïd,l(A4),��

éu?¿ m ≥ n/2, T > 0, ∂tuN 3 L1+2/n(0, T ;H−m) ¥k.. (A5)

d(A3), (A5)±9;5½n��, uN 3L2
loc(Rn× [0,∞))¥´O;�.duwN´'uuN3

��:þ��1¼ê,�wN 3L2
loc(Rn × [0,∞))¥�´O;�,l
uN �z�à:Ñ´

¯K(2.1)�f). 2



NNN¹¹¹B

½½½ÂÂÂ. �−∞ < λ < +∞,¡Hilbert�mX þ��xÝKE(λ)�(¢)ü ©),XJ§
÷v:

E(λ)E(µ) = E(min(λ, µ)), E(−∞) = 0, E(+∞) = I, (B1)

Ù¥

E(−∞)x = lim
λ↓−∞

E(λ)x, E(+∞)x = lim
λ↑+∞

E(λ)x,

E(λ+ 0) = E(λ), Ù¥ E(λ+ 0)x = lim
µ↓λ

E(µ)x.



···KKKB.1 é?¿�x, y ∈ X , (E(λ)x, y)´'uλ�k.C�¼ê.

yyy²²². -λ1 < λ2 < · · · < λn. �â(B1), E(α, β] = E(β) − E(α) ´��ÝK. �
âSchwartzØ�ª,·�k∑

j

|(E(λj−1, λj]x, y)| =
∑
j

|(E(λj−1, λj]x,E(λj−1, λj]y)|

≤
∑
j

‖E(λj−1, λj]x‖ · ‖E(λj−1, λj]y‖

≤
(∑

j

‖E(λj−1, λj]x‖2
)1

2 ·
(∑

j

‖E(λj−1, λj]y‖2
)1

2

= (‖E(λ1, λn]x‖2)
1
2 · (‖E(λ1, λn]y‖2)

1
2

≤ ‖x‖ · ‖y‖.

Ï�,d(B1),����5

E(λj−1, λj] · E(λi−1, λi] = 0, i 6= j.

?�Úk,éum > n§

‖x‖2 ≥ ‖E(λn, λm]x‖2 =
m−1∑
i=n

‖E(λi, λi+1]x‖2.



···KKKB.2 -f(λ) ´(−∞,+∞) þ�E�ëY¼ê, -x ∈ X . Kéu−∞ < α < β <

+∞,·��±½Â ∫ β

α

f(λ)dE(λ)x

�RiemannÚ
∑
j

f(λ′j)E(λj, λj+1]x3max
j
|λj+1 − λj|ªu"��r4�,Ù¥α = λ1 <

λ2 < · · · < λn = β, λ′j ∈ (λj, λj+1].



yyy²²². f(λ)3;«m[α, β]þ´��ëY�. �|λ − λ′| ≤ δ �, |f(λ) − f(λ′)| ≤ ε. ·�
�Ä[α, β]�ü�y©:

α = λ1 < · · · < λn = β, max
j
|λj+1 − λj| ≤ δ,

α = µ1 < · · · < µm = β, max
j
|µj+1 − µj| ≤ δ,

¿-

α = ν1 < · · · < νp = β, p ≤ m+ n.

�ü�y©�U\. @o,XJµ′k ∈ (µk, µk+1],·�k∑
j

f(λ′j)E(λj, λj+1]x−
∑
k

f(µ′k)E(µk, µk+1]x =
∑
s

εsE(νs, νs+1]x,

Ù¥|εs| ≤ 2ε.



2�â·KB.1�(Ø,k∥∥∥∑
j

f(λ′j)E(λj, λj+1]x−
∑
k

f(µ′k)E(µk, µk+1]x
∥∥∥2

≤ε2
∥∥∥∑

s

E(νs, νs+1]x
∥∥∥2 = ε2‖E(α, β]x‖2 ≤ ε2‖x‖2.

íííØØØB.3 ·��±½Â∫ +∞

−∞
f(λ)dE(λ)x := lim

α↓−∞,β↑+∞

∫ β

α

f(λ)dE(λ)x (XJ4��3).



½½½nnnB.4 éu�½�x ∈ X ,eãn�^�p��d:∫ +∞

−∞
f(λ)dE(λ)x�3, (B2)

∫ +∞

−∞
|f(λ)|2d‖E(λ)x‖2 <∞, (B3)

F (y) =

∫ +∞

−∞
f(λ)d(E(λ)y, x)½Â
��k.�5�¼. (B4)



yyy²²². ·��y: (B2)⇒ (B4)⇒ (B3)⇒ (B2)¤á.

(B2) ⇒ (B4). y Ú
∫ +∞

−∞
f(λ)dE(λ)x�CqRiemannÚ�êþÈ´y �k.�5�¼.

¤±,�â(y, E(λ)x) = (E(λ)y, x)Ú�´½n,·���(B4).

(B4) ⇒ (B3). ò�fE(α, β]�^3y =

∫ β

α

f(λ)dE(λ)x�CqRiemannÚþ. ·��

±wÑ,�â(B1),ky = E(α, β]y. u´,2�â(B1)k,

F (y) =

∫ +∞

−∞
f(λ)d(E(λ)x, y)

= lim
α′↓−∞,β′↑+∞

∫ β′

α′
f(λ)d(E(λ)x, y)

= lim
α′↓−∞,β′↑+∞

∫ β′

α′
f(λ)d(E(λ)x,E(α, β]y)

= lim
α′↓−∞,β′↑+∞

∫ β′

α′
f(λ)d(E(α, β]E(λ)x, y)

=

∫ β

α

f(λ)d(E(λ)x, y) = ‖y‖2.

¤±‖y‖2 ≤ ‖F‖‖y‖, i.e. ‖y‖ ≤ ‖F‖.



,��¡,^RiemannÚ%Cy =

∫ β

α

f(λ)dE(λ)x,�â(B1),·���,

‖y‖2 =
∥∥∥∫ β

α

f(λ)dE(λ)x
∥∥∥2 =

∫ β

α

|f(λ)|2d‖E(λ)x‖2,

¤±

∫ β

α

|f(λ)|2d‖E(λ)x‖2 ≤ ‖F‖2. -α ↓ −∞, β ↑ +∞,·��±wÑ(B3)¤á.

(B3)⇒ (B2). éuα′ < α < β < β′,¤á∥∥∥∫ β′

α′
f(λ)dE(λ)x−

∫ β

α

f(λ)dE(λ)x
∥∥∥2

=

∫ α

α′
|f(λ)|2d‖E(λ)x‖2 +

∫ β′

β

|f(λ)|2d‖E(λ)x‖2,

¤±(B3)%¹(B2).



½½½nnnB.5 -f(λ)�¢�ëY¼ê. @o�±ÏLeª½Â��g��fH ,

(Hx, y) =

∫ +∞

−∞
f(λ)d(E(λ)x, y), (B5)

Ù¥

x ∈ D(H) = D =
{
x;

∫ +∞

−∞
|f(λ)|2d‖E(λ)x‖2 <∞

}
,

¿�?¿�y ∈ X ,·�kHE(λ) ⊇ E(λ)H ,½=, HE(λ)´E(λ)H �*Ü.



yyy²²². éu?¿�y ∈ X Ú?¿�ε > 0, �3α Úβ, −∞ < α < β < +∞, ÷
v‖y − E(α, β]y‖ < ε. ?�Ú,·�k∫ +∞

−∞
|f(λ)|2d‖E(λ)E(α, β]y‖2 =

∫ β

α

|f(λ)|2d‖E(λ)y‖2.

¤±E(α, β]y ∈ D. �â

f(λ) = f(λ), (E(λ)x, y) = (E(λ)y, x),

��H é¡. XJy ∈ D(H∗)¿�H∗y = y∗,K�âE(α, β]z ∈ DÚ(B1),

(z, E(α, β]y∗) = (E(α, β]z,H∗y) = (HE(α, β]z, y) =

∫ β

α

f(λ)d(E(λ)z, y).



u´,�â�´½n,

lim
α↓−∞,β↑+∞

(z, E(α, β]y∗) =

∫ +∞

−∞
f(λ)d(E(λ)z, y) = F (z)

´��k.�5�¼. �âcã½n,∫ +∞

−∞
|f(λ)|2d‖E(λ)y‖2 <∞,

½=y ∈ D. ¤±D = D(H) ⊇ D(H∗). duH ´é¡�,·�kH ⊆ H∗,¤±H �½´
g��,=: H = H∗.

��,-x ∈ D(H). KòE(µ)�^3Hx =

∫ +∞

−∞
f(λ)dE(λ)x�CqRiemannÚþ,·

��â(B1)�±��,

E(µ)Hx =

∫ +∞

−∞
f(λ)d(E(µ)E(λ)x) =

∫ +∞

−∞
f(λ)d(E(λ)E(µ)x) = HE(µ)x.



íííØØØB.6�ÄAÏ�/f(λ) = λ,·�k

(Hx, y) =

∫ +∞

−∞
λd(E(λ)x, y), x ∈ D(H), y ∈ X. (B6)

�±/ªþ��

H =

∫ +∞

−∞
λdE(λ),

¡Ù�Ì©),½ö´g��fH �ÌL«.



íííØØØB.7éu(B5)¥�Ñ�H =

∫ +∞

−∞
f(λ)dE(λ),·�k

‖Hx‖2 =

∫ +∞

−∞
|f(λ)|2d‖E(λ)x‖2, ∀x ∈ D(H). (B7)

AO/,XJH ´k.g��f,@o

(Hnx, y) =

∫ +∞

−∞
f(λ)nd(E(λ)x, y), ∀x, y ∈ X (n = 0, 1, 2, · · · ). (B8)

yyy²²². Ï�E(λ)Hx = HE(λ)x, ∀x ∈ D(H),�â(B1),·�k

(Hx,Hx) =

∫ +∞

−∞
f(λ)d(E(λ)x,Hx)

=

∫ +∞

−∞
f(λ)d(HE(λ)x, x)

=

∫ +∞

−∞
f(λ)dλ

{∫ +∞

−∞
f(µ)dµ(E(µ)E(λ)x, x)

}
=

∫ +∞

−∞
f(λ)dλ

{∫ λ

−∞
f(µ)dµ(E(µ)x, x)

}
=

∫ +∞

−∞
f(λ)2d‖E(λ)x‖2.

íØ��{Ü©�±aqy².



~~~1 ¦{�f
Hx(t) = tx(t), x ∈ L2(−∞,+∞)

ONÌ©)H =

∫ +∞

−∞
λdE(λ),Ù¥

E(λ)x(t) =

{
x(t), t ≤ λ,

0, t > λ.

ù´Ï�∫ +∞

−∞
λ2d‖E(λ)x‖2 =

∫ +∞

−∞
λ2dλ

∫ λ

−∞
|x(t)|2dt =

∫ +∞

−∞
t2|x(t)|2dt = ‖Hx‖2,

∫ +∞

−∞
λd(E(λ)x, y) =

∫ +∞

−∞
λdλ

∫ λ

−∞
x(t)y(t)dt =

∫ +∞

−∞
tx(t)y(t)dt = (Hx, y).



~~~2 g��f−∆�Ì©)L�ª�:

−∆ =

∫ ∞
0

λdE(λ),

Ù¥E(λ)�L�ªXe:

Ê(λ)u(ξ) =

{
û(ξ), |ξ| ≤

√
λ,

0, |ξ| >
√
λ.

(B9)

yyy²²²é?¿�λ > 0,¤á

‖Ê(λ)u‖2L2(Rn) =

∫
Rn

|Ê(λ)u(ξ)|2dξ

=

∫
|ξ|≤
√
λ

|û(ξ)|2dξ

=

∫ √λ
0

∫
|ω|=r
|û(r, ω)|2dSωdr.



l

d

dλ
‖Ê(λ)u‖2L2(Rn) =

1

2
λ−

1
2

∫
|ω|=
√
λ

|û(
√
λ, ω)|2dSω.

?�Ú��∫ ∞
0

λ2d‖E(λ)u‖2L2(Rn) = (2π)−n
∫ ∞
0

λ2d‖Ê(λ)u‖2L2(Rn)

= (2π)−n
∫ ∞
0

1

2
λ2−

1
2

∫
|ω|=
√
λ

|û(
√
λ, ω)|2dSωdλ

= (2π)−n
∫ ∞
0

µ4
∫
|ω|=µ

|û(µ, ω)|2dSωdµ

= (2π)−n
∫ ∞
0

∫
|ω|=µ

|µ2û(µ, ω)|2dSωdµ

= (2π)−n
∫
Rn

|−̂∆u(ξ)|2dξ

=

∫
Rn

| −∆u(x)|2dx = ‖ −∆u‖2L2(Rn).

= ∫ ∞
0

λ2d‖E(λ)u‖2L2(Rn) = ‖ −∆u‖2L2(Rn), λ > 0. (B10)



�u, v ∈ D(−∆) = H2(Rn). Ké?¿�λ > 0,¤á∫ ∞
0

λd(E(λ)u, v)L2(Rn) = (2π)−n
∫ ∞
0

λd(Ê(λ)u, v̂)L2(Rn)

= (2π)−n
∫ ∞
0

λd
[ ∫
|ξ|≤
√
λ

û(ξ)¯̂v(ξ)dξ
]
;

±9
d

dλ

∫
|ξ|≤
√
λ

û(ξ)¯̂v(ξ)dξ =
1

2
λ−

1
2

∫
|ω|=
√
λ

û(
√
λ, ω)¯̂v(

√
λ, ω)dSω.



l
 ∫ ∞
0

λd(E(λ)u, v)L2(Rn) = (2π)−n
∫ ∞
0

1

2
λ1−

1
2

∫
|ω|=
√
λ

û(
√
λ, ω)¯̂v(

√
λ, ω)dSωdλ

= (2π)−n
∫ ∞
0

µ2
∫
|ω|=µ

û(µ, ω)¯̂v(µ, ω)dSωdµ

= (2π)−n
∫ ∞
0

∫
|ω|=µ

[µ2û(µ, ω)]¯̂v(µ, ω)dSωdµ

= (2π)−n
∫
Rn

−̂∆u(ξ)¯̂v(ξ)dξ

=

∫
Rn

(−∆u)(x)v̄(x)dx = (−∆u, v)L2(Rn).

= ∫ ∞
0

λd(E(λ)u, v)L2(Rn) = (−∆u, v)L2(Rn). (B11)

�â(B10), (B11) ±9g��fÌ©)���5, ��ÝK�fE(λ)L�ª�U

´(B9)/ª. 2



�� !!


