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� CCC©©©���nnn—ggg,,,{{{KKK

C©�n´�*¯Ô�Å�g,{K"$Ä´Ô���3�ª§$Ä�å
9Uþ;�éX§Uþ�C©éA¯Ô�Lagrange�§.

¯Ô(Ô�) y $Ä (å!UþΦ)
£ã¯Ô y �§ (Au = N(u))
¯ÔG� y Φ��.: (∇Φ(u) = 0).

Ïd, C©nØ´ïÄ¯Ô�­�Ãã"

g,�Æ¥A~��+�§3Ù¥C©nØu�Xr��^µ

�»Æ(¥�f!VÔ��VUþ!õN¯K!g^6/)¶

/åÆÒ´C©0 (a��)¶

nØåÆ(Hamilton) #�éØ#9åÆÚÚOÔn#á�åÆ#6NåÆ
£Navier-Stokes�§|)¶

þfåÆ(Schrödinger �§!Dirac XÚ, Bose-Einstein và)¶


-��dnØ"
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� ������555¯̄̄KKK���CCC©©©µµµeee 1 2

�ÄÄ�C©XÚ
Au = N(u), u ∈ H (AS)

Ù¥ H ´Hilbert�m§A ´g�Ý�f, N ´��5FÝµ∇Ψ(u) = N(u).

dA �Ì�Ñ��©)

H = H− ⊕H0 ⊕H+, u = u− + u0 + u+

¦A|H− < 0, A|H+ > 0, A|H0 = 0. �E = D(|A|1/2)§D±SÈ

(u, v)E := (|A|1/2u, |A|1/2v)H + (u0, v0)H ; ‖u‖2E = (u, u)E

KE = E− ⊕H0 ⊕ E+§Ù¥E0 = H0, E± = E ∩H±. ½Â

Φ(u) =
1

2

(
‖u+‖2E − ‖u−‖2E

)
−Ψ(u) ∀u ∈ E.

KΦ ��.:éAu�§(AS) �).

1Y. Ding: World Scientific Publ. 2007
2¶�ð: C©�{����Æ. �ÆÑ��§2022
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���!!!������555Dirac ���§§§ (CCCcccïïïÄÄÄnnnããã)

��5 Dirac �§

−i~∂tψ = ic~
3∑
k=1

αk∂kψ −mc2βψ +∇ψG(x, ψ), (1)

Ù¥x ∈ R3, ∂k = ∂/∂xk, G : R3 × C4 → R, ψ : R× R3 → C4 >fÅ¼ê, c
1�, m >f�þ, ~ Planck ~ê, α1, α2, α3 9β ´4× 4 Pauli-Dirac Ý
:

β =

(
I 0

0 −I

)
, αk =

(
0 σk
σk 0

)
(k = 1, 2, 3)

ùp

σ1 =

(
0 1

1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0

0 −1

)
.
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• ­­­������§§§

b½G(x, eiθψ) = G(x, ψ) (∀θ ∈ [0, 2π]), �§(1)�7Å)´/

Xψ(t, x) = e
iµt
~ u(x)�). �\¿²�n���ψ(t, x) ´(1) �)��=

�u(x)´eã�§�):

−i~α · ∇u+ aβu+ V (x)u = Gu(x, u) (2)

Ù¥

α = (α1, α2, α3), α · ∇ =

3∑
k=1

αk∂k

¡�§(2) �­�Dirac �§, u �­­­���))).
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� Soler ���()��35!õ)5)3 4

−iα · ∇u+ aβu+ ωu = Fu(u) (3)

ùpa > 0, ω ∈ (−a, 0)§

F (u) =
1

2
H(ũu), H ∈ C2(R,R), H(0) = 0, ũu := (βu, u)C4 .

¦Xe/ª�)

u(x) =


v(r)

0
iw(r) cosϑ
iw(r)eiφ sinϑ

 ,

(r, ϑ, φ) ´¥¡�IX. ¯K=z�)��~�©�§|£|^�q{¤.

aq/?n

F (u) =
1

2
|ũu|2 + b|ũαu|2, ũαu := (ũ, αu)C4 , α = α1α2α3.

3M. Balabane etc. CMP (1988)
4M.J. Esteban, E. Séré etc. (C©{) CMP 1995; BAMS 2008
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� ���§§§(2)~=1

• Case 1. W 1,r))) 5 6 7 8 9 � V (x)|u|2 + ì?½��g(½�.)��5

r� ³ V (x)→∞ (|x| → ∞);

4� lim inf |x|→∞ V (x) > a;

Coulomb . ³ V ∈ C(R3 \ {0}), 0 ≥ V (x) ≥ − κ
|x| , κ <

√
3

2 ;

±Ï ³ V (x+ T ) = V (x);

Ý
 ³M(x)!AO V (x)β . ³��c¡�¼êV (x).

]à��510

��é4�11

5T. Bartsch, Y. Ding: Math. Nachr. 2006
6Y. Ding, B. Ruf: ARMA 2008
7T. Bartsch, Y. Ding: JDE 2006
8Y. Ding: World Scientific 2007
9Y. Ding, J. Wei: Rev. Math. Phys. 2008

10Y. Ding, X. Dong: Z. Angew. Math. Phys. 2021
11Y. Ding, X. Dong, Q. Guo: Calc. Var. Partial Differential Equations 2021
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• Case 2. T -±±±ÏÏÏ))) 12 13 14 15 �V (x+ T ) = V (x), G(x+ T, u) = G(x, u).

��g¯K: lim
|x|→∞

G(x,u)
|u|2 =∞;

g�g¯K: lim
|x|→∞

G(x,u)
|u|2 = 0;

]à��5¯K: G(u) ∼ ζ|u|q + η|u|p (1 < q < 2 < p < 3);

ì?�g¯K: lim
|x|→∞

G(x,u)
|u|2 = λ > 0;

é¡6Ä¯K: G(x, u) = γ|u|p + f(x, u), |f(x, u)| �é¡�g�g.

12Y. Ding, X. Liu: Nonlinear Anal. 2014
13Y. Ding, X. Liu: JDE, 2015
14Y. Ding, X. Liu: Ann. Mat.Pura Appl.(4), 2017
15Y. Ding, X. Liu: JMP, 2018
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� ���§§§(2)~=ε

• Case 3. ���²²²;;;))): ε→ 0 �35!8¥5!�êP~5.

8¥u��5 ³16: V ≡ 0, G(x, u) ∼W (x)|u|p, 2 < p < 3

¿� ³17 18: ∼ V (x)|u|2 −W (x)|u|p, 2 < p < 3

�.��519: G(x, u) = W1(x)|u|q +W2(x)|u|3, 2 < q < 3.

ÛÜ8¥20: min
Ω
V < min

∂Ω
V, ∃Ω ⊂ R3 k..

�m�ên!õ­521

16Y. Ding: JDE, 2010
17Y. Ding, X. Liu: JDE, 2012
18Y. Ding, C. Lee, B. Ruf: Proc. Roy. Soc. Edingburgh Sect. A, 2013
19Y. Ding, B. Ruf: SIAM J. Math. Anal. 2012.
20Y. Ding, T. Xu: Arch. Ration. Mech. Anal. 2015
21Y. Ding, X. Dong, Q. Guo: DCDS, 2021
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(2) ggg^̂̂666/// (;;;M) þþþ��� Dirac ���§§§

©Üy�22 (∂M = ∅): µDψ = ψ + h(ψ) on M , - 1/µk ∈ spec(D), K
3·���5^�e§ ∀ k ∈ Z \ {0}, y² (µk, θ) ´©Ü:¶ 3g�
5^�e§y² (µk,∞) ´©Ü:.

>�¯K23 (∂M 6= ∅): Pψ = h(ψ); BCHI(ψ) = 0. Ù¥P ´�>6/þ
�Dirac �f§BCHI ´Chiral >.^�. 3·�^�ey²Ù)��35
�õ­5.

22Y. Ding, J. Li, T. Xu: Calc. Var. PDE, 2016
23Y. Ding, J. Li: Calc. Var. PDE, 2018
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(3) ������555þþþfffåååÆÆÆXXXÚÚÚ

Maxwell-Dirac system 24 25 26{
α ·
(
iε∇+Q(x)Ā

)
w − βw − ωw −Q(x)A0w = f(x, |w|)w

−∆Ak = 4πQ(x)(αkw)w̄ k = 0, 1, 2, 3,
(4)

Ù¥Ā = (A1, A2, A3). 3'u f ·����5b�e§ïá
(4)��²
;)��35!8¥5!�êP~5.

DiracõKleinõGordon system 27:{
iε α · ∇ϕ− aβϕ+ ωϕ− λφβϕ = W (x)g(|ϕ|)ϕ ,
− ε2∆φ+Mφ = 4πλ(βϕ) · ϕ .

(5)

aqé(4) ·�ïá
(5)��²;)��35!8¥5!�êP~5.

24Y. Ding, T. Xu: C. V. PDE, 2013
25Y. Ding, J. Wei, T. Xu: JMP 2013
26Y. Ding, B. Ruf: JDE, 2016.
27Y. Ding, T. Xu: JDE 2014
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nnn!!!###???ÐÐÐµµµVVV������555þþþfffåååÆÆÆXXXÚÚÚ

(1) Dirac-Klein-Gordon XXXÚÚÚ{
− iα · ∇u+ (m+ V (x))βu+ ωu = φβu+K(x)|u|p−2u,

−∆φ+ (M2 + V̂ (x))φ = 〈βu, u〉+ K̂(x)|φ|q−2φ,
(6)

Ù¥, x ∈ R3, u(x) ∈ C4, φ(x) ∈ R, m,M ©O´>fÚ0f��þ§V (x),
V̂ (x), K(x), K̂(x) ´¢�¼ê.

d	§·���Ä��.��5¯K:{
− iα · ∇u+ (m+ V (x))βu+ ωu = f(x, u, φ),

−∆φ+ (M2 + V̂ (x))φ = g(x, u, φ).
(6’)

ùp  f(x, u, φ) =
s1

2
|u|s1−2|φ|s2u+K(x)|u|p−2u,

g(x, u, φ) = s2|u|s1 |φ|s2−2φ+ K̂(x)|φ|q−2φ.
(H)
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J ÔÔÔnnn���µµµ

ù
¯K5guÉ��5|K���éØ�A�âf��p�^. 3þf|

Ø¥, âf�w�éAþf|��, 'X1f5gu>^|�þfz, >fÚF

�d (Higgs) âf©OéAu Dirac |Ú Klein-Gordon |(½Iþ|). �Ä�é

Ø�A�âf���nØ3êÆþké��E,5, ù´
uâf��3Ú�

�L§. {¤þ§duêÆuÐ���Û�§�)�ïÄ(JÄ�ÑØ�ÄX

Ú¥�AIþ|���5�A�¯K, ÏØ?nü�½öõ���5|��p

�^. u´<��uÐ#�ïÄ�{.
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�O(/`§L�'uXÚ (6) �ïÄÏ~b�Ù Klein-Gordon |, P
�(6φ), 'uφ´�5�. ~X{

− iα · ∇u+ aβu− ωu+ λφβu = f(x, |u|)u ,
−∆φ+Mφ = 4πλ(βu) · u .

(†)

A^ý��§nØ��(6φ) k��)φu. òd)�\1���§z�¤¢�
/�ÛÜ0¯Kµ

−iα · ∇u+ aβu− ωu+ λφuβu = f(x, |u|)u,

¦�=��XÚ(†) �).

�Ù1���§��('uφ�) ��5�§¯�ÒE,õ
§AO´ØU

k¦�φ, 2rXÚ=z�ü��§5?n. �
�Ñdd�5�(J, ·�l

�N��Ý5?nù�¯K, =ò�À����N, 2�âÄ���.:½n,

��Ù­�)��35�õ­5(J.
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J ÌÌÌ���(((JJJ

F ±±±ÏÏÏ������555���///

·��Xeb�(AéuØÓ�|Ü), P R+ = (0,∞) µ

H éu�5 ³,

(V0) V (x) ≡ 0, V̂ (x) ≡ a ∈ (−M2,∞).

(V1) V ∈ C1(R3,R+), V̂ ∈ C2(R3,R+), §�'u xk ´ 1- ±Ï�, k = 1, 2, 3.

H éu��5 ³,

(K) K ∈ C1(R3,R+), K̂ ∈ C2(R3,R+), §�'u xk ´ 1-±Ï�, k = 1, 2, 3.

• ± S` � Ŝ` ©OPXÚ(6)�XÚ(6’)�4�Uþ)�8Ü.
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Theorem (1. Y. Ding, Q. Guo, B. Ruf: SIAM JMA, 2021)

� ω ∈ (−m,m), p ∈ (2, 3), q ∈ (2, 6), (V0) ½(V1). q� (K) ¤á. @o

(6) k����Ä�) (u, φ) ∈ H 1
2 ×H1. e�k q ≤ 4, K

(u, φ) ∈W 1,r(R3,C4)×W 2,s(R3,R), ∀ r, s ≥ 2.

�3 C, c > 0, ¦�

|u(x)|+ |φ(x)| ≤ C exp(−c|x|), ∀x ∈ R3, (u, φ) ∈ S`.

(6) kÃ¡õ�AÛØÓ).
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Theorem (1’, Y. Ding, Q. Guo, B. Ruf: SIAM JMA, 2021)

b�µXÚ(6′)���5äk/ª(H); ω ∈ (−m,m), s1, s2 > 1, 2s1 + s2 < 6,
p ∈ (2, 3), q ∈ (2, 6), ±9(V0) Ú(V1) ��¤á; q- (K) ¤á. @o

(6′) k����Ä�) (u, φ) ∈ H 1
2 ×H1. e?�Úk q ≤ 4, s2 < 2, K

(u, φ) ∈W 1,r(R3,C4)×W 2,s(R3,R), ∀ r, s ≥ 2.

�3 C, c > 0, ¦�

|u(x)|+ |φ(x)| ≤ C exp(−c|x|) ∀x ∈ R3, (u, φ) ∈ Ŝ`.

(6′) kÃ¡õ�AÛØÓ).
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F ���²²²;;;���///

�Ä�²;4�¯K (6)εµ − iεα · ∇u+
(
ω +mβ + V1(x)

)
u =

s1

2
|u|s1−2|φ|s2u+K(x)|u|p−2u,

− ε2∆φ+ (V2(x) +M2)φ = s2|u|s1 |φ|s2−2φ+Q(x)|φ|q−2φ.

� (j = 1, 2) ∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥∥

Vj := {x ∈ R3 : Vj(x) = Vj,min},
K := {x ∈ R3 : K(x) = Kmax},
Q := {x ∈ R3 : Q(x) = Qmax},
Vj,∞ := lim inf

|x|→∞
Vj(x),

K∞ := lim sup
|x|→∞

K(x) <∞,

Q∞ := lim sup
|x|→∞

Q(x) <∞.
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b�

(A0) V1, V2, K, Q ∈ C1(R3,R), |V1|max < m, 9 V2,min!Kmin!Qmin þ�;

(A1) M := K ∩Q 6= ∅;

(A2) Kmax > K∞, ��3 R > 0 9 x∗ ∈M, ¦� (j = 1, 2)

Vj(x
∗) ≤ Vj(x) ∀ |x| ≥ R.

d	§�£ã8¥y�§� (j = 1, 2)

AVj := {x ∈M : Vj(x) ≤ Vj(x∗)} ∪ {x /∈M : Vj(x) < Vj(x
∗)}

23 / 34



Theorem (2, Y. Ding, Q. Guo, Y. Yu)

b� ω ∈ (−m,m), s1, s2 > 1, 2s1 + s2 < 6, p ∈ (2, 3), q ∈ (2, 6), ±9 (A0),
(A1), (A2) ÷v, K ∀ ε > 0 ¿©��:

XÚ (6)ε ��k����Uþ) zε = (uε, ϕε) ∈ H
1
2 ×H1. ?�Ú,

e q ≤ 4, s2 < 2, K zε ∈W 1,r(R3,C4)×W 2,s(R3,R), ∀ r, s ≥ 2.

|zε| k���: xε, ¦� lim
ε→0

dist(xε,AV1
∪ AV2

) = 0, �÷f�xε → x0,

ẑε(x) := zε(εx+ xε) 3 H1 ×H2 ¥Âñ�eãXÚ���Uþ):{
−iα · ∇u+

(
ω +mβ + V1(x0)

)
u = s1|u|s1−2|φ|s2u+K(x0)|u|p−2u,

−∆φ+ V2(x0)φ+M2φ = s2|u|s1 |φ|s2−2φ+Q(x0)|φ|q−2φ.

∃C, c > 0 Ø�6u ε ¦�

|zε(x)| ≤ C exp(− c
ε
|x− xε|), ∀x ∈ R3.
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��éó��/, b�

(A′1) M′ := V1 ∩ V2 6= ∅;

(A′2) V1,min < V1,∞ ��3¿©�� R > 0 ±9 x∗ ∈M′, ¦�� |x| ≥ R �,
¤á

K(x∗) ≤ K(x), Q(x∗) ≤ Q(x).

�
AK := {x ∈M′ : K(x) ≤ K(x∗)} ∪ {x /∈M′ : K(x) < K(x∗)}

AQ := {x ∈M′ : Q(x) ≤ Q(x∗)} ∪ {x /∈M′ : Q(x) < Q(x∗)}.

Theorem (2’, Y. Ding, Q. Guo, Y. Yu)

b� ω ∈ (−m,m), s1, s2 > 1, 2s1 + s2 < 6, p ∈ (2, 3), q ∈ (2, 6), ±9 (A0),
(A′1), (A′2) ÷v, K± AK ∪ AQ �� AV1 ∪ AV2 �, ½n (2) �¤k(Ø
E�ý.
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(2) Dirac-Maxwell XXXÚÚÚ{
α · (−i∇+ Ā)u+ (m+ V (x))βu+ ωu = A0u+K(x)|u|p−2u,

−∆Ak + V̂ (x)Ak = 〈αku, u〉+ K̂(x)| ~A|q−2Ak, k = 0, 1, 2, 3
(7)

Ù¥Ā = (A1, A2, A3), ~A = (A0, A1, A2, A3), α · Ā =
3∑
k=1

Akαk.

eP(7)m>��©O� f Ú g, K��Äeã����5 f(x, u, ~A) =
s1

2
|u|s1−2| ~A|s2u+K(x)|u|p−2u,

g(x, u, ~A) = s2|u|s1 | ~A|s2−2Ak + K̂(x)| ~A|q−2Ak,
(H)

½������5 f, g. ·���
aquDirac-Klein-Gordon XÚ�(J.
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Theorem (Y. Ding, Q. Guo, 2021)

∀ |ω| < m, p ∈ (2, 3), q ∈ (2, 6), 2
p + 1

q ≤ 1, q� (K)!(V0) ½(V1), K

1◦ (7) k����Ä�) (u, ~A) ∈ H 1
2 ×H1. e�k q ≤ 4, K

(u, ~A) ∈W 1,r(R3,C4)×W 2,s(R3,R4), ∀ r, s ≥ 2.

2◦ ∃C, c > 0, ¦�

|u(x)|+ | ~A(x)| ≤ C exp(−c|x|), ∀x ∈ R3, (u, ~A) ∈ S`.

3◦ (7) kÃ¡õ�AÛØÓ).

b�XÚ(7)���5äk/ª(H)¶ ω ∈ (−m,m), s1, s2 > 1, 2s1 + s2

< 6, p ∈ (2, 3), q ∈ (2, 6), (V0) ½(V1)¶q� (K). @oþã(ØE,k
�.
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(3) ������éééØØØ444���

'u��þ¯K, ·�y²
�1�ÚªÇªuÃ¡��ÿ, ��5Dirac �
§�)Âñ�éA��5Schrödinger�§�).

�ÄXe��§

−icα · ∇ψ +mc2βψ − ωψ = |ψ|p−2ψ, x ∈ R3. (8)

éA���5Schrödinger�§�{
−∆u1 − νu1 = 2mg(|u|)u1,

−∆u2 − νu2 = 2mg(|u|)u2,
(‡)
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Theorem (Y. Ding, X. Dong, Q. Guo: CVPDE, 2021)

-m > 0, ν < 0, p ∈ (2, 5
2 ]. b½{cn}, {ωn}�÷ve�^��S�

0 < cn, ωn → +∞,

0 < ωn < mc2n,

ωn −mc2n →
ν

m
,

Ù¥n→∞. XJ{ψn = (un, vn)T }´ªÇωn, 1�cn���5Dirac�§(8)�
), @o�3m0, ¦��m ≤ m0 �,

un → u and vn → 0 in H1(R3,C2),

n→∞, Ù¥u : R3 → C2�ªÇν, ��5 ³g(|u|) = |u|p−2 ���

5Schrödinger�§(‡) �).
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(4) ]]]ààà������555

�Ä��mþ�]à��5�� Dirac �§µ

−iα · ∇u+ aβu+M(x)u = ξ1Q(x)|u|q−2u+ ξ2P (x)|u|p−2u, (9)

Ù¥ 1 < q < p
p−1 < 2 < p < 3, x ∈ R3. PéA�Uþ�¼� I(u).

Theorem (Y. Ding, X. Dong: ZAMP, 2021)

b� ξ1 ∈ R, ξ2 > 0. 3·��b�^�e, �3 η = η(q, p) > 0 ¦�e

|ξ1|p−2ξ2−q
2 ≤ η,

@o(9) �3��) {un} ÷v� n→∞ � I(un)→∞.

b� ξ1 > 0, ξ2 ∈ R. 3·��b�^�e, (9) �3��) {un} ÷
v I(un) < 0 �� n→∞ � I(un)→ 0.
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1 ���!!!CCC©©©���{{{������������ÆÆÆ

2 ���!!!������555Dirac ���§§§ (CCCcccïïïÄÄÄnnnããã)

3 nnn!!!###???ÐÐÐµµµVVV������555þþþfffåååÆÆÆXXXÚÚÚ

4 ooo!!!yyy²²²òòòVVV
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ooo!!!yyy²²²òòòVVV

(1) òòòÄÄÄ������§§§ (AS) ���CCC©©©µµµeeeäääNNNzzz.

(2) æææ^̂̂rrrØØØ½½½���¼¼¼���///CCCnnnØØØ������...:::½½½nnn

ÛÜàÿÀ¶

Lipschitz �55¶

5Ý�m¥�/CnØ¶

k��7¶

+�^�õ­�.:.
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(3) ~~~

F ò¤'%�¯K£ã�Ä�XÚ(AS).

± Dirac-Klein-Gordon XÚ�~. �

A =

(
−2�̂ 0

0 −∆̂

)
Ù¥§�̂ := −iα · ∇+ (m+ V (x))β + ω, ∆̂ := −∆ + +V̂ (x) +M2. q
- F (x, z) Ú G(x, z), (z = (u, φ) ∈ C4 × R), ©OL«f(x, z) Úg(x, z) ��¼
ê§H(x, z) = F (x, z) +G(x, z), ±9

Ψ(z) =

∫
R3

H(x, z(x))dx, N(z) = ∇Ψ(z).

K�A�XÚ�L�Ä�/ª(AS).

F A^cãrØ½�¼��.:½n.

33 / 34



Thanks for your attention !
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