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②
3,3

Modulispaceswithparahoriclevelstructue.MY
3

,
( p, N) = 1

.

I = { 0,1 , ⼀、

,
gg

Ag
,
⼯
⼆ Az : modulispace / Zcp , [ 別

parameterizingcompletechainofabelianvarietie.at
x

( A。 → A ,→_→ Ag
,

入
,

xg.tn/,where.Ai:g-dinilabeIianvariety..X:isogenyofdegreep,slo
, tg : princimlpolarizationson Ao

,
Ag

, resp ,

S.t.YHtg-P.to 。

.li/eveI-NstruetuneonAg,T:AI-SpecTnl3niJiSiegelmodulischemewithiwahori

levelstmc
Thm (1) ( Gòrtz

,
RZ conjecture ) ㄤ : A

⼯
→ Spec 忍, [幻

isflatofrelativedimensionglg.DK
(2) ( de Jong ,

Yu ) The speualfber APĒ ìscomectedand

has 29 irreduciblecomponents



④For each 4 中

JCI.oneanociatesamodulispaceA.jo
fpartialchainofabelianvarietisindexedbyJ.hr

( Aj 。 - Aj ,→_→ Ajr ,tjo.tjrpdariahnsoAjo.Ajr.st.it
j
。

⼆ pull - backsf Xjr J = { jo , ⼀ -,,-

okert.jo E Aj 。 [ p ] ,
( polariationofparahorictype )

,

5

polarizationtypeofxjo-CP.nl?1-.-l).A-和秕 的⼭ " "

:
""⼼⼼"出

2nnoftyl_J.fr
example : g = 2 .

I = { 0
,
1,2 了

.

Iwahori

ˋ

Siegelparahòric {0/2} 10,13
,
Klingenparàhorìc

1 / 1

hyperspecral { 0 } { 1 1 paramodular

ㄒ上 : ( 1 1 (Gòrtj Ti AJ → Spec 忍 , [幻

flatofrelatinedimg.GR/2kMnAjDisconnectedandhas(k,
+1) … ( krt 1)

irreduciblecomponents ,whereki-ji-j.n.Inparticular.itIJH ,
then AJD Ēpis irreducible

_



Oneimportantingredient oftheproofforirreducibility 290
theordinaylocusAJEAJisZariskidense.S.co
evenforstudyingthegeometryotthewh.iemodulispace ,wedoneedtostudytheclassificationofsubvariet.es

.

§ 4 Dieudonē

modnles.4.l.hiperfectfieldofcharpzo.W-wlhlitheringofwittvect.rs
ouerk

,
13 ( h ) = Frac

W.JFrobenimmaponWandonBCk7.Def.lt
Dieudonné

moduleoverhisafiniteW-moduleMtogethera5-linearmapl.EC
Frobenim )

andat-linearmaptfverschiebunglonM.s.t.ME
V1== P

-

5 ilinear
: Flam ) = 5(a). Fcm ) aEW.msM

i-linearivfamkiknvcnl.IfMisfreelw.ifsequiv.to ( M
, F)

st.PMEFMEMCV-P.FI: M → M 1

Eramples (1) Mifree W-basise.ie
.

F :

G → a
G

G → Pe ,

ordinary
e → pez e → ez

(2)

Mfree.W-basisei.ae
,
→ e e

, → ez
F : supersingular.ez-PG.US_ pe ,



(3) Generalconstruction.tn = rank M 3 00

cbrsetwow.bg
⼼ …

…

xnlain.Y.n-n.Yn.cl/,1-)py,y,i-Xii
:

Xa 1⼀) P YaF : V : Ya 的 Xa
Xatltrs Yatl

,

Yatl 的 P Xati

! !
Xn 1⼀) Yn

ynl-PXn.GnverselyeveryW-freeD.iendonnē

modulearisesinthisway.tn
⼆ klxg … ⼼

,
Vhn = k 〈 x

,
… ⼼

,

an-a.ly…

,
Yn ] = [ x

,
⼀ ⼀

.

⼼] [※⻔
Ffxni Xn] = [ PY.in P Ya

,
Yan

,

-_-

,
灯

=⼼ 灯 [制 = […叫照了街
⼆ (⼼ " (焁 別

M (_ [悠] E Glnlw )



③
Xni-ixaEVMs.fi , ⼀ ,ik-basisonVMGMXatl.in

Xn EMs.tt
,
…

,
不

k-basisonMXM.xf-u.xianotherW-basis.am
a

[i
,
⼀⼀

,
xú ] = [ n

,

⼀

, 们 。 P
,

P = [
A ' B '

PG D ,
7

F. [ xii … 们 = F . [ x
,

-.-

, 幻 -5 ( P)

⼆ G.… … [
PAB

Pc D
] 5 ( P)

ii. .io 成照了Eiiin
⇒ F.li

,

⼀

,
灼 = [ xi

,
⼀ 灼 成照了 0吶 ( P . ]

= [ i
, ⼀、
xi ] [

A
'

B
'

c.nl?iJProp:M,M':Dieudonnemoduleswitha--dimVMhoM= dim V14前,
Suppose M & M

' aredefinedbyg.fi 官 ] andg ' = [A
'

B
'

a 。 ] resp .

(1) M = M
'

s ] P = [AB.js.tPGD.gEP-g.glPJY

[ A B
,where * istheinvolution

pa 卟→ [
A '

"

叮
G D 1



③
(2) Write Ū : = M/pM .

Then F ⼆⽉ '
<⇒

了 Q .
= ( À

0

ā ,
1 and Qi Ū 成 ) in Glnlk)

o D

with Āinida
,
成 成 ⼆ idnas.t.GE Qiā . 5 ( Q

.)
,

Pfi (1) followsfrom ourcomputation _

(2) Write p = (
A , Bi

PG D. ) and P
"
= ( Az Bzj

P Cz Dz

fa 0 mnHAB2fftiA.tPB.czABztB.Dy.int?B'pGD2n-a
Pla Azt D. G) DIOztPC.BZ

⇒ A. Āeida
,

成 成 ⼆ idna

ā Āz ⼗⽉ . E = o ⇒ āicanbearbitary-Ezisolvable.int成 成 ⼆ 0 ⇒ IĪ canbearbitay Ā

sdrable.ciptgōcpjt ⇒ ie Ǖ 叫 -5 唱 的0 IĪ

Pnt Qi ĀĀ
o 的 , Qi.fi

0

ii) n



③42 Duality

De f. Mi Dieudonné

moduleoverk.tn
: = { Homw

(M ,
以 「 f M :

freeasW-module.H.mn.CM/B(kYw)ifMoffinitelength.ie.ĀM-0
forsomen.cnd Ffcm ) : = F (vm)

5

,

Vf ( m ) : = f (Fni

forfEMfmEM.ThentkisaDieudonnemodulelk.ca
lledthedualofM.5.Fflamlifl.ua

nn )
5

= [ihfvm)]

= a . f ( Vm)
5

= a -G) (m)

F : Mt → Mt
,
Sameasv

5
g

0 Flaf ) ( m) = K f ) (V m )] ⼆ 5(a). ffvm) = 5 (a) (Ff) (m )

F : Mt → Mto-linear.Similarly.li

M-Mti-linear.7.ISthereauniformdefinitionfor.lu?

5

A.Mif.g.W-modulezwaompkt.Mis-c.complete ,

write M = 坐 hm.ME 吢 (ynri
n

Hom ( M
, Blkywl

Mln.tf.g.hr module
, thoughgooddudcobject .



43

P-divisiblegroups.DE
_

(1)Ap-divisiblegroupofheighthoverkisianinduct.vesystem ( Gn
,

Gns Gmn)
,

or G 出 Gn ,

(I) Gn : finitecommutativegroupschemeofrank.ph

(ii) Gn ⼆ Gnn [ 的
,

(i)

piG.m-Gnifaitlfullyflat.BA
p-diuisiblegroupoverabaseschemesisaninductinesystem-IGn.cn

→ G… ) of locdlyfreefinitegroupschemes Gn

Satisfies ii) and (iii) ,

(G)
s ,

T → S Then (Gnlī :-( Cnjn

⽇ G.fi

nitecommgpschemelk.Thenwehaveacanonicalfiltmt.in:0 CGMCǑC G.
aud Clciisētale. . G iscalledēfale if O_o

multiplicativeifGietdeie.GG"

unipteutifcn.co

Def The Cartierdud CPofGisthefinitegroupsche.me

thatr.epresentsthe.groupfunitlomCG.am) .



A : abelianvarietylk.AE的了 = lim AGJ :P - divisiblegp
③

⼀)

44 Classical Dieudomētheory
_

Thm kiperfect

fieldofcharpzo-DThereisananti-equivalenuofcategorie.pt
ftp.divisiblegroupsorerk/-n-,(Dieud0nne-modulesoveryh,freeasW-modules

(2)

Thereisauanti-equivaknceofcategoriesfcommutatiuefi.it
9"中 schemes.mn )

以
⼀ P

⼼⼭ "⼼

modulesonyhoffinitelengthlljfoll.ws
from (2) : C =

l-Gn.MY
G) i-limMYGD.MYG) ifree Whn - mrdde←

ofrankh
_

For (2).

onefirstconstructsan.anti-equivofcat.gl(0 ⼼

m.unipotentfinitegpscn.nu/n)M-,Pieudnnimoduleslk0ffinitelensth.s.tt )
fisnilpotentandusethedecomp.seGcigǎi



⑦
If G multiplicative , MYG ) : =MYGDYTodoM.onefirstconstruetsagroupscheme.ly
overhonwhichwehavehrlkJ-mod.destructure

F

5-lineurandoperatorsvrhicharei-lineavst.FI/=VF-P.Thendefine
MYG ) : = Hom

CG.IN/.-sAnadhziccovariantversion:MlG)=MYGf.forG:p-
divisible groupjor G :

finte.groupscheme.RemarkwheuGiconuectedp-di.is
iblegrouplkip-divibleformalgrouplh.Carti.rs

Theory : Mcart (G).

M (G) = M (G).Cart



⑦
It isnaturaltoextendthecontravariantD.ieudonrēfunctor M

*

tot.hecategoryewhichisthesmdlestabeliaucategoryintheabe.li
ancategoryofcommutat.ve groupschemeslhlorviewedas

fppfsheaves ) thatcontainsp-divisiblegroupsadhencefinitegr.ru

pschemes.Thentheneisananti-equivalenceofcategories.MY
e → Emil Dieudomēmodub !

onerk-e-Theno-Hi-th-H-oexactseq.in e
(⼆) 0 →

MYHD-MYHD-MYHD-o.Quest.in
: M : Dieudonnémodule .

0 → Mtor-M-M-o.ME freelw

Doesitsplit ?

Isthereacanonicalsplittiug.TL
isisusefulforustoextendthedudityasMttitorDIM.lt。



⑧§ 5 Newto

ns.tmtification.5.l.ClassificationuptoisogenyFM-r-o
Fmtnlm

:)
E 了。

✗ 7↳ 。
, gcdlm.nl = 1

-

= pnt
n

F-p-Mmn-WCF.VJKFM-rj.W-modderaukmtn.ThenMm.vn
isaDieudonnimodule.andcall-nitheslopeofMm.nl

withmultiplicitymtnl

Thml Dieudonnē _ Manin ) M :

auy Dieudumēmodulelkti

⇒ MDB.lk) = D M
「

ilminymi.niDBCbyforsomeotlm.in
:) EI-i.co

primepairs.audrsl.prilmitnillg.fiEtitislope (M ) ˋ = 1 (無吵 ⼀ ⼀

:
(alledtheslopesequenceofM.es NewtonpolygonefM.Noteithemultiplicityofeadslopediisamultipleofit.de
nominator.int

egrdconditioin.es
breakpointsofNPanelattices.Ifkisperf.at/thenslope(M):=sLpe( MDW(D).



⑦II. (I) A Dieudonnēmodule

Mouerkiscalledsupersingularifithasonlysbpellz.RS
Thea-numberofMisdefinedasaCMIi-dimn.MX

F, ⽤M

a ( MDWCKI ) = a (M)

foranyperfectextnyk.DThep-rankofMisdefinedasp.mu
K (M) = raukap Mét, whene Mtfxe MBW (5) : Fx = ㄨ }

。

-

I f M = MHG) , G : p-divisiblegpthenp-rauk.la ) = f
,

whenf-theintegers.to [ p] [h ) =y f.
(4) A : abelianvarietylk.E.M.MY A [ 阿) ⼆ thekontn )

Dieudonnimoddeof A. Define

slope (A) : = sbpe (M )
,Ais.supersingularifMissupersingular.cn

(A) : = a ( M )
, Aisordinaryiff-rankCM-ggdimAAisalmostordinayiff.gs

Rrauk (A) : = P - rank (M )
,

Ais Superspecial ifa (A) =

g-Noteip-rankisanisogenyinvarianta-tlisnotanis.ge
uy
invariant _



④

9 ⼆ din (A) = 2
.

f a # dim

00 1 7 Ordinavy 2 0 3

0 主 专 7
ordinay 1 1 2|齧 簽
…ÌÌEÌ 1,2 I

I

superspecial
-

g = 3 : 5 Newtonpolygons p-rauka.tt dim

.

0 0 0 1 1 1 1
.

⼀貳 ordinary 3 0 6

almost
z

1 5

00竝 11 𠃊 1丗
.

: orainay

1 1,2 4
0…… Lil 。

ordxssp

0 1,2 3
諤諤 l-N-superspecid.nu
之 站立站 |轉 supersingular 0 1.2.3 2



discussionsi ④

Mi ētde Dieudomimodule

lkiperfect.slopeO.IS?Gd(Nk)-DGLf7Lp)cont.iuousGabis
representation

MDWŪ) = MǗDW (E)
,

trsomer

G [ p] n
= ǐixcci"" ⽂ cnēt genenal

.

(塑
f

( [ 17 (D = (T )
。

Mēt :D

ieudonnimoddelF-p.EEMf

M.o-WIENIF.li/(F-I)=ZplFVJ/(F-i)(S0V=P)



④à (A) = dim Hom ftp.AI

a (G) = dim Honlxp
,
G)

Mip ) = k
,

F = V = 0

M k
11

Hom ftp.G ) = Hm ( MYGI.MY州 )
gp DM

= HomwlMKF.DM.hn
h

Homgpli , G) E (以下
,
v) M )

*

cank-v.se


